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1 Introduction

One of the most dramatic changes in the world economy over the past half century has been the emergence of China
as a major force in world trade. A central question in international economics is the implications of such economic
growth for the income and welfare of trade partners. A related question in political economy is the extent to which
these large-scale changes in relative economic size necessarily involve heightened political tension and realignments
in the international balance of power. We provide new theory and evidence on both of these questions by developing
bilateral “friends” and “enemies” measures of countries’ income and welfare exposure to foreign productivity shocks
that can be computed using only observed trade data. Our measures are derived directly from the leading class of
international trade models with a constant trade elasticity, are computationally trivial to compute, and have a clear
economic interpretation even in rich quantitative settings with many countries. We show that our analysis admits
a large number of generalizations, including multiple sectors, input-output linkages and factor mobility (economic
geography). We derive bounds for the sensitivity of countries’ exposure to foreign productivity shocks to departures
from a constant trade elasticity. Using standard matrix inversion techniques, we compute over 1 million bilateral
comparative statics for income and welfare exposure to foreign productivity growth for more than 140 countries from
1970-2012 in a few seconds. Consistent with the idea that conflicting economic interests can spawn political discord,
we find that as countries become greater economic friends in terms of the welfare effects of their productivity growth,
they also become greater political friends in terms of the similarity of their foreign policy stances, as measured by
United Nations voting patterns and strategic rivalries.

Our research contributes to the recent revolution in international trade of the development of quantitative trade
models following Eaton and Kortum (2002) and Arkolakis, Costinot and Rodriguez-Clare (2012). A key advantage of
these quantitative models is that they are rich enough to capture first-order features of the data, such as a gravity
equation for bilateral trade, and yet remain sufficiently tractable as to be amenable to counterfactual analysis, with a
small number of structural parameters. A key challenge is that these models are highly non-linear, which can make
it difficult to understand the economic explanations for quantitative findings for particular countries or industries.
A key contribution of our bilateral friends-and-enemies measures is to reveal the role played by different economic
mechanisms in these models. In particular, we show that the effect of a productivity shock in a given country on
welfare in each country depends on three matrices of observed trade shares: (i) an expenditure share matrix (S) that
reflects the expenditure share of each importer on each exporter; (ii) an income share matrix (T) that captures the
share of each exporter’s value added derived from each importer; (ii) a cross-substitution matrix (IM) that summarizes
how an increase in the competitiveness of one country leads consumers to substitute away from all other countries
in each market. Using these results, we separate out countries’ welfare exposure to foreign productivity shocks into
income and cost-of-living effects; break out income exposure to these productivity shocks into market-size and cross-
substitution effects; isolate partial and general equilibrium effects; evaluate the contributions of individual sectors to
aggregates; and assess the contribution of importer, exporter and third-market effects.

Our bilateral friends-and-enemies measures are exact for small productivity shocks for this leading class of in-
ternational trade models characterized by a constant trade elasticity. For large productivity shocks, we provide two
sets of analytical results for the quality of our approximation. First, we compare our linearization to the non-linear
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that the quality of our approximation depends on the properties of the observed trade matrices (S, T and M). Given
the observed values of these matrices and productivity shocks of the magnitude implied by the observed trade data,
we find that the two sets of predictions are almost visibly indistinguishable from one another, with a regression slope
and R-squared close to one. Second, we compare our results for a constant trade elasticity with those for a variable
trade elasticity, and derive sensitivity bounds for the impact of productivity shocks in this more general specification
with a variable trade elasticity. As such, our characterization of the incidence of productivity and trade shocks in
terms of the market-size, cross-substitution and cost-of-living effects provides a useful benchmark for interpreting
the results of quantitative trade models outside of our class.

Our main empirical contribution is to use our friends-and-enemies exposure measures to examine the global in-
cidence of productivity growth in each country on income and welfare in more than 140 countries over more than
forty years from 1970-2012. We find a substantial and statistically significant increase in both the mean and dispersion
of welfare exposure to foreign productivity shocks over our sample period, consistent with increasing globalization
enhancing countries’ economic dependence on one another. We find that productivity growth in most countries raises
their own income compared to world GDP and reduces the income of most (but not all) other countries compared to
world GDP. Even compared to a weighted average of OECD countries, we find that Chinese productivity growth has
an increasingly large negative effect on US relative income. Nevertheless, once changes in the cost of living are taken
into account, this Chinese productivity growth has an increasingly large positive effect on aggregate US welfare. More
generally, we provide evidence of large-scale changes in bilateral patterns of welfare exposure to foreign productivity
growth following trade liberalization in North America, the fall of the Iron Curtain in Europe, and the replacement of
Japan by China at the center of geographic production networks in Asia.

We decompose overall income and welfare exposure into the direct (partial equilibrium) effect of foreign produc-
tivity at initial incomes and the indirect (general equilibrium) effect through endogenous changes in incomes. We find
that these general equilibrium forces are quantitatively large in this class of models, such that misleading conclusions
about the income and welfare effects of productivity growth can be drawn from simply looking at the partial equi-
librium terms alone. We find that both the cross-substitution effect and the market-size effect make substantial con-
tributions to overall income exposure. On the one hand, the partial equilibrium component of the cross-substitution
effect is always negative, because higher productivity growth in a given country increases its price competitiveness
and leads to substitution away from all other countries. On the other hand, the general equilibrium components of the
cross-substitution and market-size effects can be either positive or negative, because higher productivity in a given
country raises its own income and affects income in all other countries, which in turn induces changes in price com-
petitiveness and market demand for all countries. Finally, although much of the effect of foreign productivity growth
on home income occurs through the home country’s market, we also find a substantial effect through the foreign
country’s market, and empirically-relevant effects through the home country’s most important third markets.

We compare our friends-and-enemies exposure measures in our baseline model with a single sector to those in
models with multiple sectors and input-output linkages. Although there is a strong correlation between the predic-
tions of all three models, we find that introducing both sectoral comparative advantage and production networks
has quantitatively relevant effects on bilateral income and welfare exposure for individual pairs of exporters and im-
porters. Additionally, both the multiple-sector and input-output models yield additional disaggregated sector-level
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across individual industries in trade partners, depending on the extent to which countries compete with one another
in sectoral output markets versus source intermediate inputs from one another. Comparing these sector-level predic-
tions for the impact of Chinese productivity growth, we find some marked differences across countries. For nearby
South-East Asian countries, the sectors that benefit most include the Electrical, Medical and Office sectors, consistent
with input-output linkages between related sectors through global value chains in Factory Asia. However, for the
resource-rich emerging economies, the sectors that benefit most include the Mining, Agricultural and Basic Metals
sectors, consistent with a form of “Dutch Disease,” in which the growth of resource-intensive sectors propelled by
Chinese demand competes away factors of production from less resource-intensive sectors.

We use our friends-and-enemies exposure measures to provide new evidence on a political economy debate about
the extent to which increased economic rivalry between nations necessarily involves heightened political tension. A
number of scholars have drawn parallels between the current China-US tensions and earlier historical episodes, such
as the confrontation between Germany and Great Britain around the turn of the twentieth century, and the rise of
Athens that instilled fear in Sparta that itself made war more likely (the Thucydides Trap).! On the one hand, there
are good reasons to be skeptical about this essentially mercantilist view of the world, because a key insight from trade
theory is that trade between countries is not zero-sum. On the other hand, it remains possible that the extent to which
countries have shared economic interests is predictive of their political alignment. Consistent with this view, we find
that as countries become less economically friendly in terms of the welfare effects of their productivity growth, they
also become less politically friendly in terms of their foreign policy stances, as measured by United Nations voting
patterns and strategic rivalries.

Our research is related to several strands of existing work. First, traditional neoclassical theories of trade highlight
the terms of trade as the central economic mechanism through which shocks to productivity, transport costs and trade
policies affect welfare in other countries. Key insights from this literature are that foreign productivity growth can
either raise or reduce domestic welfare depending on whether it is export or import-biased (e.g. Hicks 1953, Johnson
1955 and Krugman 1994), and immiserizing growth becomes a theoretical possibility if domestic productivity growth
induces a sufficiently large deterioration in the terms of trade (see Bhagwati 1958). While this theoretical literature
isolates key economic mechanisms, the empirical magnitude of these effects remains unclear, because these theoretical
results are typically derived in stylized settings with homogeneous goods and a small number of countries and goods
(typically two countries and two goods).

Second, we contribute to the growing literature on quantitative trade models following the seminal and Frisch-
medal winning research of Eaton and Kortum (2002), including Dekle et al. (2007), Costinot et al. (2012), Caliendo
and Parro (2015), Addo et al. (2017), Burstein and Vogel (2017), Caliendo et al. (2018), and Levchenko and Zhang
(2016). Using a multi-sector quantitative trade model, Hsieh and Ossa (2016) find small spillover effects of Chinese
productivity growth from 1995-2007 on other countries’ welfare, which range from -0.2 percent to 0.2 percent. In
a counterfactual analysis of alternative patterns of Chinese productivity growth, di Giovanni et al. (2014) find that
most countries experience larger welfare gains when China’s productivity growth is biased towards comparative
disadvantage sectors. In a specification incorporating many local labor markets within the United States, Caliendo

et al. (2019) develop a quantitative trade model that replicates reduced-form empirical findings for the China shock,

ISee for example Brunnermeier et al. (2018) and “China-US rivalry and threats to globalisation recall ominous past, > Martin Wolf, Financial
Times, 26th May, 2020.



with net welfare gains for the United States as a whole, but heterogeneity across local labor markets. We contribute
to this research by developing new friends and enemies measures of exposure to foreign productivity growth that
closely replicate the full nonlinear solution of the leading class of quantitative trade models, while also revealing the
role of the key economic mechanisms through which productivity growth in one country affects welfare in another
in these models. The low computational burden of our approach lends itself to applications in which large numbers
of counterfactuals must be undertaken, as in our empirical application with more than 1 million comparative statics.
Furthermore, the wide range of extensions and generalizations of our approach allow researchers to easily compare
and contrast the results of large numbers of counterfactuals across different quantitative models, such as our single-
sector, multi-sector and input-output specifications.

Third, our work is related to the burgeoning literature on sufficient statistics for welfare in international trade,
including Arkolakis et al. (2012), Caliendo et al. (2017), Baqaee and Farhi (2019), Galle et al. (2018), Huo et al. (2019),
Bartelme et al. (2019), and Kim and Vogel (2020). Within a class of leading international trade models, Arkolakis et al.
(2012) shows that the welfare gains from trade can be measured using only a country’s domestic trade share and a
constant trade elasticity. In a wider class of gravity models, Allen et al. (2020) use the network structure of trade to
prove existence and uniqueness, and show that counterfactual predictions in this class of models have a series expan-
sion representation in terms of demand and supply matrices that are functions of trade data and demand and supply
elasticities. In a model with general spatial links between local labor markets, Addo et al. (2019) characterize general
equilibrium elasticities of employment, wages, and real wages in each market with respect to shift-share measures of
exposure to foreign trade shocks using revenue and consumption shares. In a general network economy, Baqaee and
Farhi (2019) derive first-order counterfactual formulas (and second-order accounting formulas) for productivity and
trade shocks, and implement these for a nested CES economy. Our main contribution relative to this body of research
on sufficient statistics is to derive bilateral friends-and-enemies measures of exposure to foreign productivity shocks
that can be directly connected to underlying market-size, cross-substitution and cost of living effects in a large class of
quantitative trade models. We show that these friends-and-enemies measures can be recovered from observed income
and expenditure share data using standard matrix inversion techniques. Although our measures capture first-order
general equilibrium counterfactuals, we provide an analytical characterization of the magnitude of the second and
higher-order terms, and hence the quality of our approximation to the full non-linear model solution.

Fourth, our research connects with the large reduced-form literature that has examined the domestic effects of
trade shocks (such as the China shock), including Topalova (2010), Kovak (2013), Dix-Carneiro and Kovak (2015),
Autor et al. (2013), Autor et al. (2014), Amiti et al. (2017), Pierce and Schott (2016), Feenstra et al. (2019), Borusyak
and Jaravel (2019), and Sager and Jaravel (2019). A key contribution of this empirical research has been to provide
compelling causal evidence on the effects of trade shocks using quasi-experimental variation. A continuing source of
debate in implementing this empirical analysis is the appropriate measurement of trade shocks, including whether to
focus on imports from one country, a group of countries or all countries; how to capture imports of final goods versus
intermediate inputs; how to incorporate exports as well as imports; and how to measure third-market effects. Our
research contributes to this debate by deriving theory-consistent measures of productivity and trade costs shocks that
use only observed trade data, and that capture all of the above channels, including both partial and general equilibrium
effects. As these sufficient statistic measures are derived from a class of theoretical models, they yield predictions for
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Fifth, our analysis of countries’ bilateral political attitudes is related to a large literature in economics, history and
political science, including Scott (1955), Cohen (1960), Signorino and Ritter (1999), Alesina and Spolaore (2003), Martin
et al. (2008), Kuziemko and Werker (2006), Guiso et al. (2009), Bao et al. (2019), and Hége (2011). We use our measures
of exposure to productivity shocks to provide new evidence on the classic political economy question of the extent to
which countries with shared economic interests also have similar political stances.

The remainder of the paper is structured as follows. Section 2 provides a characterization of the effects of produc-
tivity shocks in each country on income and welfare in all countries in an Armington model with a general homothetic
utility function. Section 3 develops our measures of countries’ income and welfare exposure to foreign productivity
shocks for the special case of this model that falls within the class of models with a constant trade elasticity considered
by Arkolakis et al. (2012), henceforth ACR. Section 4 reports a number of extensions and generalizations, including
trade imbalances, small departures from a constant trade elasticity, multiple sectors following Costinot et al. (2012),
henceforth CDK, and input-output linkages following Caliendo and Parro (2015), henceforth CP, and economic geog-
raphy models with factor mobility. Section 5 reports our main empirical results for the impact of a productivity shock
in one country on income and welfare in all countries. Section 6 provides empirical evidence on the extent to which
countries that are economic friends of one another are also political friends. Section 7 concludes. A separate online

appendix contains the derivations of the results in each section of the paper and the proofs of the propositions.

2 General Armington

We consider an Armington model with a general homothetic utility function, in which goods are differentiated by
country of origin. We consider a world of many countries indexed by n,i € {1,...,N}. Each country has an

exogenous supply of ¢,, workers, who are each endowed with one unit of labor that is supplied inelastically.

2.1 Preferences

The representative consumer in country n has the following homothetic indirect utility function:

Wn

P (pn)’

where p,, is the vector of prices in country n of the goods produced by each country i with elements p,,; (inclusive of

(1)
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trade costs); w,, is the wage; and P (-) is a continuous and twice differentiable function that corresponds to the ideal
price index for consumption. From Roy’s Identity, country n’s demand for the good produced by country i is:
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2.2 Production

Each country’s good is produced with labor according to a constant returns to scale production technology, with
productivity z; in country ¢. Markets are perfectly competitive. Goods can be traded between countries subject to
iceberg trade costs, such that 7,,; > 1 units of a good must be shipped from country ¢ in order for one unit to arrive
in country n (where 7,,; > 1 for n # i and 7,,, = 1). Therefore, the cost in country n of consuming one unit of the
good produced by country i is:
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2.3 Expenditure Shares and Market Clearing

Country n’s expenditure share on the good produced by country ¢ can be written as:

= N .
Zzzl PneCne (pn)

©

Sni

Totally differentiating this expenditure share equation, the proportional change in expenditure shares in country n
depends on the proportional change in the prices of the goods from each country ¢ and the own and cross-price
elasticities for each good:

N N
dln Sni = Z [enzh - Z Snkenkh] dlnpn’u (5)

h=1 k=1
where
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is the elasticity in country n of the expenditure share for good ¢ with respect to the price of good h. Totally differen-
tiating prices, the proportional change in the price in country n of the good produced by country i depends on the

proportional changes in the underlying trade costs, wages and productivities as follows:
dlnp,; = dln7y; + dlnw; — dlnz;. (6)

Market clearing requires that income in country ¢ equals the expenditure on goods produced by that country:

N
n=1

where for simplicity we begin by considering the case of balanced trade and show how the analysis generalizes to

imbalanced trade in Section 4 below.

2.4 Comparative Statics

Using preferences (1) and market clearing (7), we now characterize the general equilibrium effect of shocks to pro-
ductivity and trade costs. First, totally differentiating the market clearing condition (7) holding constant country
endowments, the change in income in each country i depends on the share of value-added that it derives from each
market 7 (£;,,), the own and cross-price elasticities (6,,:5), and the proportional changes in the price of the good from

each country h as determined by (6):

N
dlnw; = Ztm (dlnwn +
n=1

where the share of value-added that country ¢ derives from each market n is defined as:

N

N
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Second, totally differentiating the indirect utility function (1), the change in welfare in country n equals the change
in income in that country minus the expenditure share weighted average of the proportional change in the price of
each country’s good, as determined by (6):

N
dlnu, = dlnw, — Y spi [dIn 7y + dlnw; — dlnz]. (10)

=1



The market clearing condition for each country (8) shapes how exogenous changes in productivities (d In 2;) and
trade costs (dIn7,;) map into endogenous changes in wages (dInw;). The utility function (10) determines how
these endogenous changes in wages (d Inw;) and the exogenous changes in productivities (d In 2;) and trade costs
(dInT,;) translate into endogenous changes in welfare in each country (d Inw,). In general, both the own and cross-
price elasticities of expenditure with respect to prices (6,,;,) are variable and depend on the entire price vector (p,,),

complicating the mapping from exogenous to endogenous variables.

3 Constant Elasticity of Import Demand

We now show that a sharp “friends” and “enemies” representation of countries’ income and welfare exposure to foreign
productivity or trade cost shocks can be obtained under the assumption of a constant trade elasticity. In Subsections
3.2 through 3.5, we derive this representation for small changes in productivity or trade costs under this assumption
of a constant trade elasticity. In Subsection 3.6, we characterize the quality of the approximation for large changes as
a function of the properties of the observed trade matrices, and show this approximation to be almost exact even for
productivity shocks of the magnitude implied by the observed trade data.

Throughout this section, we derive our results in a single-sector, constant elasticity Armington model, which is a
special case of the framework developed in the previous section. In Section E of the online appendix, we show that
these results hold in the entire class of international trade models considered in Arkolakis et al. (2012), henceforth ACR,
which satisfy the four primitive assumptions of (i) Dixit-Stiglitz preferences; (ii) one factor of production; (iii) linear
cost functions; and (iv) perfect or monopolistic competition; as well as the three macro restrictions of (i) a constant
elasticity import demand system, (ii) a constant share of profits in income, and (iii) balanced trade. In addition to
the Armington model considered here, this class includes models of perfect competition and constant returns to scale
with Ricardian technology differences, as in Eaton and Kortum (2002), and those of monopolistic competition and
increasing returns to scale, in which goods are differentiated by firm, as in Krugman (1980) and Melitz (2003) with an
untruncated Pareto productivity distribution.

While at the beginning of this section we allow for both productivity and trade cost shocks, we focus from sub-
section 3.3 onwards on productivity shocks alone. In Section 4 below, we consider a variety of extensions, including
trade imbalances, trade cost shocks, multiple sectors following Costinot et al. (2012), input-output linkages following
Caliendo and Parro (2015), and economic geography. We also derive sensitivity bounds for countries’ income and

welfare exposure to foreign productivity shocks for the more general case of a variable trade elasticity.

3.1 Trade Matrices

We begin by defining some notation. We use boldface, lowercase letters for vectors, and boldface, uppercase letters
for matrices. We use the corresponding non-bold, lowercase letters for elements of vectors and matrices. We use I
to denote the IV x N identity matrix. We now introduce two key matrices of trade shares that we show below are

central to determining the impact of productivity and trade cost shocks.

Expenditure Share and Income Share Matrices Let S be the N x N matrix with the ni-th element equal to
importer n’s expenditure on exporter i. Let T be the N x N matrix with the in-th element equal to the fraction of

income that exporter ¢ derives from selling to importer n. We refer to S as the expenditure share matrix and to T as



the income share matrix. Intuitively, s,,; captures the importance of ¢ as a supplier to country n, and t¢;,, captures the
importance of n as a buyer for country i. Note the order of subscripts: in matrix S, rows are buyers and columns are
suppliers, whereas in matrix T, rows are suppliers and columns are buyers. Both matrices have rows that sum to one.

These S and T matrices are equilibrium objects that can be obtained directly from observed trade data. We derive
comparative statics results using these observed matrices. Using S* to represent the matrix S raised to the k-th power,

we impose the following technical assumption on the matrix S, which is satisfied in the observed trade flow data.
Assumption 1. (i) For any i,n, there exists k such that [Sk] i > 0. (ii) For all i, s;; > 0.

The first part of this assumption states that all countries trade with each other directly or indirectly. That is, in
the language of graph theory, the global trade network is strongly connected. This assumption is important because
shocks propagate in general equilibrium through changes in relative prices, which are only well-defined if countries
are connected (potentially indirectly) to each other through trade. When the global trade network has disconnected
components—for instance, if a subset of countries only trade among themselves but not with other nations, or if some
countries are in autarky—our results can be applied to study the general equilibrium propagation of shocks within
each of the connected components separately. In practice, we find that the global trade network is strongly connected
throughout our sample period. The second part of this assumption ensures that every country consumes a positive
amount of domestic goods, which again is satisfied in all years.

Using Assumption 1, we now establish a relationship between the S and T matrices, which shapes the general

equilibrium impact of productivity shocks on income and welfare.
Lemma 1. Assuming that trade is balanced,
1. S has a unique left-eigenvector Q' with all positive entries summing to one; the corresponding eigenvalue is one.

2. The i-th element of this left-eigenvector q; is the equilibrium income of country ¢ relative to world nominal GDP,
3. q is also a left-eigenvector of T with eigenvalue one, and q;tin, = GnSni-
4. Under free-trade (i.e. 7,,; = 1 for alln,i), q' is equal to every row of S and of T.

Proof. See Section B.1 of the online appendix. O

Going forward, we refer to the vector ' as simply the income vector, reflecting our normalization that world
nominal GDP is equal to one. Lemma 1 shows that, under balanced trade, one could recover q and T from the
expenditure share matrix S. A key implication of this result is that S is a sufficient statistic for the general equilibrium
effect of small productivity shocks on income and welfare under balanced trade.

In the remainder of this section, we use these properties of the trade matrices to characterize the first-order general
equilibrium effects of global productivity shocks on income and welfare in each country in the constant elasticity

version of the Armington model developed in Section 2 above.

2 As the expenditure and income shares sum to one, both the matrices S and T represent row-stochastic Markov chains, and q’ is their stationary
distribution. Assumption 1 ensures that the matrix S is primitive. Since the elements of the matrix T satisfy g;tiy, = ¢n Sni, the Markov chain S
is reversible if and only if S = T, which holds if and only if trade is balanced bilaterally between each country-partner-pair, a condition which is
not satisfied in the data. Finally, the matrix T'S, which we show below determines the cross-price elasticity under a constant trade elasticity, is the
multiplicative reversiblization of S (Fill 1991), with ¢; [TS],,, = gn [TS],,,. Note that the income vector q’ is a left-eigenvector of this matrix T'S
with eigenvalue one.



3.2 First-Order Comparative Statics
In the constant elasticity Armington specification, the preferences of the representative consumer in country n in

equation (1) are characterized by the following functional form:

W,
N 9|
[21:1 Py }

where o > 1 is the constant elasticity of substitution between country varieties and § = o — 1 is the trade elasticity.

Uy = , 0=0-1, o>1, (11)

=

Using Roy’s Identity, country n’s share of expenditure on the good produced by country ¢ is:

—0
Pni
S,,”- = ?, (12)
Zm:l pmgl

Using these functional forms in the market clearing condition (7) and totally differentiating holding constant
country endowments, the system of equations for the change in income (8) now simplifies to:
al Y s [dInT,, + dlnwy, — dlnz)
L ) nh nh h — h
dlnw; = thm (dlnwn +0 (hzl —[dln7,; + dlnw; — dln 2] >> ) (13)
The system of equations for the change in welfare again takes the same form as in equation (10):

N
dlnu, = dlnw, —Zsm[dlnTer dlnw; — dlnz]. (14)

i=1
Given exogenous changes in productivities (d In z;) and trade costs (d In 7,,;), the market clearing condition for each
country (8) provides a system of N equations that can be used to determine the N endogenous changes in wages
in each country (dInw;). Combining these endogenous changes in wages (d In w;) with the exogenous changes in
productivities (d In z;) and trade costs (d In 7,,;), the utility function (10) determines the N endogenous changes in

welfare in each country (dInu,,).

3.3 Sufficient Statistics for Income and Welfare Exposure to Productivity Shocks

We now use these comparative statics results in equations (13) and (14) to obtain our “friend” and “enemy” sufficient
statistics for countries’ income and welfare exposure to foreign shocks. To streamline the exposition and in light of
our empirical application, we now focus on productivity shocks (d In z; # 0), assuming that trade cost shocks are zero
(dInT,; = 0Vn,). In Subsection 4.1 in the next section, we show that our approach naturally also accommodates

trade cost shocks (d In 7,; # 0).

3.3.1 Sufficient Statistics for Income Levels

We begin by showing that the first-order general equilibrium effects of small productivity shocks in each country
on income in all countries in equation (13) have a matrix representation, which has two key advantages for our
purposes. First, we can use this representation to recover our “friend” and “enemy” measures of countries’ exposure
to a foreign productivity shock as a simple matrix inversion problem, which can be solved almost instantaneously
to machine precision. Second, this representation isolates key mechanisms in the model that enable us to relate its
quantitative predictions to underlying economic forces. Using d Inz and d In w to denote column vectors of country-

level productivity shocks and wage responses, we have the following matrix representation of equation (13).



Proposition 1. Under ACR assumptions (i)-(iv) and macro restrictions (i)-(iii), the first-order general equilibrium impact

of productivity shocks on income in all countries around the world solves the fixed point equation:

dlnw = Tdlnw +6-Mx (dlnw — dlnz), (15)
~—— —_——
income effect market-size effect cross-substitution effect

where M =TS —Tisan N x N matrix with in-th entry m;, = Zthl tinShn — Lpn=i.

Proof. The proposition follows immediately from equation (13) and our assumption that that dlnr,; = 0 Vn,4, as

shown in Section D of the online appendix. O

From equation (15), we can compute the effect of small productivity shocks on income in each country around the
world using the income share matrix (T) and the cross-substitution matrix (M), both of which are transformations of
the expenditure share matrix (S). The matrix T in the first term on the right-hand side captures a market-size effect:
To the extent that the productivity shock vector dIn z increases incomes in countries n, this raises income in country
i through increased demand for its goods. In particular, the elements of T are the share of income that country ¢ earns
through selling to each market n (¢;,), and capture how dependent country ¢ is on markets in each country n.

The matrix M in the second term on the right-hand side captures a cross-substitution effect. To understand this
effect, consider the in-th element of this matrix: m;,, = Zthl tinShn—ln—;. Fori # n, the sum Ziv: 1 tinShn captures
the overall competitive exposure of country ¢ to country n, through each of their common markets h, weighted by
the importance of market h for country ¢’s income (¢;5,). As the competitiveness of country n increases, as measured
by a decline in its wage relative to its productivity (d In w,, — dIn z,,), consumers in all markets h substitute towards
country n and away from other countries ¢ # n, thereby reducing income in country ¢ and raising it in country n. With
a constant elasticity import demand system, the magnitude of this cross-substitution effect in market 2 depends on
the trade elasticity (f) and the share of expenditure in market & on the goods produced by country n (s, ): consumers
in market h increase expenditure on country n by (s, — 1) and lower expenditure on country ¢ by $p,. Summing
across all markets h, we obtain the overall impact of the shock to country n’s production cost on country 4’s income,
as captured in the in-th element of the matrix M.

We now use this matrix representation in Proposition 1 to recover our “friend” and “enemy” measures of coun-
tries’ bilateral income exposure to productivity growth. As the trade share matrices T and M in equation (15) are
homogenous of degree zero in incomes, they do not pin down the level of changes in nominal incomes. As in any
general equilibrium model, we need a choice of numeraire. We choose world GDP as our numeraire, which with un-
changed country endowments (¢;) implies the following normalization: Ziil ¢; dlnw; = 0. Starting with equation

(15), dividing both sides by (6 + 1), re-arranging terms, and using this normalization, we obtain:

0 T + 0TS
(I_V) dlnw—_dean, A\ ﬁ

- Q7 (16)

where Q is an N x N matrix with the income row vector q’ stacked N times and recall that we assume 6 > 0. Under
free-trade (i.e. 7,,; = O for alln,7), Q =S = T.

The presence of the term Q d In w = 0 on the left-hand side in equation (16) reflects our choice of numeraire. In the

_ T+0TS

o1 ) is not invertible: the income shares and expenditure shares sum to one

absence of this term, the matrix (I

(Ziv:1 tin = 1 and Zle Sni = 1), thus the rows of T'gf_?s also sum to one, and the columns of (I — T%T) are
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not linearly independent. This non-invertibility reflects the fact that income can only be recovered from expenditure
shares up to a normalization or choice of units. While we choose world GDP as our numeraire because it is convenient
for the matrix inversion,? all of our predictions for relative country incomes are invariant to whatever normalization

is chosen. Using equation (16), we are now in a position to formally state the following definition.

Definition 1. Our friends-and-enemies matrix for income is defined as:

_ 8 L,
W= (I-V)' M. (17)

From Definition 1 and equation (16), our friends-and-enemies matrix W completely summarizes the general equi-

librium effect of small productivity shocks on income in each country around the world.

Corollary 1. Income exposure to global productivity shocks is:
dlnw =Wdlnz (18)

Proof. The corollary follows immediately from Proposition 1, Definition 1, and our choice of world GDP as numeraire

(QdInw = 0), as shown in Section D of the online appendix. O

The elements of this matrix W capture countries’ bilateral income exposure to productivity shocks. In particular,
the in-th element of this matrix is the elasticity of income in country i (row) with respect to a small productivity shock
in country n (column). We refer to country n as being a “friend” of country 7 for income when this elasticity is positive
and an “enemy” of country 7 for income when this elasticity is negative. In general, W is not necessarily symmetric:
i could view n as a friend, while n views 7 as an enemy. Finally, we now establish that the friends-and-enemies matrix

W in Definition 1 exists, because the matrix (I — V') is invertible under Assumption 1.

Lemma 2. Let V = T'gffs — Q. Under Assumption 1 and 6 > 0, the matrix (I — V) is invertible, (I — V)~! =

> neo V¥, and the power series converge at rate |pu| < 1, where |p1| is the absolute value of the largest eigenvalue of V

(ie, ||[VF|| < - |u|* for some constant c).

Proof. See Section B.2 of the online appendix. O

Therefore, given the observed trade matrices (S, T and M), we obtain a complete characterization of the general

equilibrium effect of small productivity shocks under our assumption of a constant trade elasticity.

3.4 Sufficient Statistics for Welfare

We next show that the general equilibrium effects of small productivity shocks in all countries on welfare in each
country in equation (14) have an analogous matrix representation, which again allows us to connect quantitative
predictions directly to underlying economic mechanisms in the model. Using dInu to denote the column vector of

country-level welfare changes, we have the following matrix representation of equation (14).

3Note that the matrix T-gﬁ'lrs represents a row-stochastic Markov chain; its left eigenvector q’ is also the stationary distribution of the Markov
k
chain, and limy_, o (Tg—i’ll“s) =Q.

11



Proposition 2. Under ACR assumptions (i)-(iv) and macro restrictions (i)-(iii), the first-order general equilibrium impact

of productivity shocks on welfare in all countries around the world solves the following fixed point equation:

dlnu = dlaw —S(dlnw— dlnz). (19)
~——— —
welfare effect income effect cost-of-living effect

Proof. The proposition follows immediately from equation (14) and our assumption that dIn7,; = 0 Vn, i, as shown

in Section D of the online appendix. O

From Propositions 1 and 2, we can compute the effect of productivity shocks on the welfare of all countries around
the world using the income share matrix (T), the cross-substitution matrix (IM), and the expenditure share matrix (S),
where both the income share and cross-substitution matrices are transformations of the expenditure share matrix.
The presence of this expenditure share matrix (S) in the second term on the right-hand side of equation (19) captures
a cost of living effect, which reflects the impact of the productivity shock in country 4 on the price index in country
n. The elements of this matrix s,,; capture the relative importance of each country ¢ in the consumer expenditure
bundle of country n. A productivity shock in country ¢ will have a large positive effect on welfare in country n if it
has a large positive effect on wages in country n (through the income effect) and a large negative effect on wages and
production costs in the countries from which country n sources most of its goods (through the cost of living effect).

As the elements of the expenditure share matrix (S) are homogeneous of degree zero in per capita income and sum
to one for each importer, adding any constant vector ¢ to changes in log per capita incomes (dInw = dlnw + c)
leaves the welfare effect in equation (19) unchanged (since ¢ — Sc = 0). Therefore, the welfare effect in Proposition
2 is invariant to our choice of numeraire. Using Corollary 1 and Proposition 2, we are now in a position to formally

state the following definition.

Definition 2. Our friends-and-enemies matrix for welfare is defined as:
U=(I-S)W+S. (20)

From Definition 2, our friends-and-enemies matrix U completely summarizes the general equilibrium effect of small

productivity shocks on welfare in each country around the world.

Corollary 2. Welfare exposure to global productivity shocks is:
dlnu=UdlInz. (21)

Proof. The corollary follows immediately from Corollary 1, Definition 2 and Proposition 2. O

The elements of this matrix U capture countries’ bilateral welfare exposure to productivity shocks. In particular,
the ni-th element of this matrix is the elasticity of welfare in country n (row) with respect to a small productivity
shock in country ¢ (column). We refer to country i as being a “friend” of country n for welfare when this elasticity
is positive and an “enemy” of country n for welfare when this elasticity is negative. As for income exposure, welfare

exposure U is not necessarily symmetric: ¢ could view n as a friend, while n views ¢ as an enemy.
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3.5 Economic Mechanisms

We now use our friends-and-enemies matrix representation to isolate the key economic mechanisms through which
a productivity shock in one country affects income and welfare in all countries in this class of international trade

models with a constant trade elasticity.

1. Partial and General Equilibrium Effects Our measure of the overall impact of foreign productivity shocks
on domestic income in equation (17) includes both the direct (partial equilibrium) effect of these productivity shocks
(d1n z) on competitiveness in each market, as well as their indirect (general equilibrium) effects on competitiveness
and the size of each market through endogenous changes in incomes (d In w). To separate these two effects, we use
the property that the spectral radius of V is less than one, which allows us to re-write our income exposure measure

as the following power series:

0 1 N 0 0 9
W=——(I-V) M=—-—— ViIM=- —M —-——(V4+V‘+...)M 22
0+1( ) 9+1Z 0+1 6)+1( FVIEM, @2
k=0 ——
partial equilibrium general equilibrium
where the first term on the right-hand side (— G%M ) captures the partial equilibrium effect (the direct effect of higher

productivity in country £ on income in country %, evaluated at the initial values of incomes in each country); the second

0

— 771 VM) and the following higher-order terms in V' capture the general equilibrium

term on the right-hand side (

effect (through endogenous changes in incomes in each country).*

2. Market-Size and Cross-Substitution Effects From Proposition 1, overall income exposure to productivity
shocks is jointly determined by the market-size and cross-substitution effects. To separate out the contributions of
each of these mechanisms to general equilibrium changes in incomes, we undertake a counterfactual exercise in
which we impose that the market-size effect is the same for all countries and allow only the cross-substitution effect
to differ across countries. Specifically, we replace the term T d In w in equation (15) with Q d In w, so that the general

equilibrium income response to productivity shocks d In w ' solves the fixed point equation:
dlnw™ = Qdlnw™ +6-M (dlnw*® — dInz), (23)

where we use the superscript Sub to indicate cross-substitution effect.

In our actual income exposure measure in equation (15), the rows of the matrix T vary across countries ¢ with the
shares of markets in their income (t’). In contrast, in this counterfactual income exposure measure in equation (23),
the rows of the matrix Q are the same across countries 4 and equal to the shares of markets in world income (q’).
Using our choice of world GDP as numeraire (Q dInw = 0), we can recover counterfactual income exposure from

the cross-substitution effect alone from the following matrix inversion:
WS = _g(I—60(M+Q)) ' M. (24)

dlnws = WS dInz. (25)

4Here we define the direct or partial equilibrium effect for a given country as holding all other countries incomes constant at their values in the
initial equilibrium before the productivity shock, but other definitions are possible, as discussed in a different context in Huo et al. (2019).
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While our friends-and-enemies matrix for income W from the previous subsection captures overall income exposure
to productivity shocks; the matrix WS = —M (I — § (M + Q))_1 captures income exposure through the cross-

substitution effect alone; and the difference W — W*" captures income exposure through the market-size effect.

3. Contribution of Third Markets to Bilateral Income Exposure Our measures of exposure to productivity
shocks capture all mechanisms through which productivity shocks affect income and welfare in the model, including
both imports and exports and both own and third-market effects. We now use our approach to evaluate how much of
one country’s exposure to productivity shocks operates through third markets. Let § denote the subset of countries
for which we are interested in third-market effects (e.g. for U.S. income exposure to a Chinese productivity shocks, G
might be the European Union). To evaluate the contribution of these third markets to income and welfare exposure,
we construct counterfactual expenditure share matrices excluding them.

In particular, we define S_g as the transformed expenditure share matrix, removing the k-th rows and columns
from S for all £ € G, and rescaling the remaining rows to sum to one. Using this counterfactual expenditure share
matrix S_g, we construct the corresponding income share matrix T _¢g and cross-substitution matrix M_g. Using
these counterfactual trade share matrices, we recompute both our overall measure of income exposure (W _g) using
equation (17) and the cross-substitution effect (WS4 ¢) using equation (24). Comparing these measures to those includ-
ing all countries (W, W), we can quantify the importance of this group of third markets for both overall income

exposure and the cross-substitution effect.

Finally, welfare exposure (U) in Definition 2 is a linear combination of income exposure (W) and the expenditure
share matrix (S) that controls the cost of living effect. Therefore, substituting each of the above decompositions of
income exposure (W) into welfare exposure (U), we can quantify the contribution of each of these mechanisms to

the impact of productivity shocks on welfare.

3.6 Comparison with Exact Hat-Algebra

Our friends-and-enemies exposure measures have the advantage that they are quick and easy to compute using only
matrices of observed trade data. They also allow researchers working with quantitative trade models to transparently
assess the role of different economic mechanisms. A potential limitation is that our exposure measures correspond
to first-order effects in a linearization that is only exact for small changes, which raises the question of how good
an approximation they provide for large changes. We now characterize the quality of this approximation by relating
the magnitude of the second and higher-order terms in the Taylor-series expansion to properties of the observed
trade matrices. In our later empirical analysis, we use these results to show that our linearization is almost exact for
productivity shocks, even for large changes of the magnitude implied by the observed trade data.

We begin by comparing our linearization to the full non-linear solution of the model for large changes using the
exact-hat algebra approach of Dekle et al. (2007). In particular, using this exact-hat algebra approach, we can re-write
the market clearing condition (7) in a counterfactual equilibrium following a productivity shock (denoted by a prime)
in terms of the observed values of variables in an initial equilibrium (no prime) and the relative changes of variables
between the counterfactual and initial equilibria (denoted by a hat such, that & = 2’ /z):

. ¢ W,
Inw; = <9+1> Inz; + [Z tin =N 57| - (26)

Ze 1 SneWy Ze
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which provides a system of IV equations that can be solved for the N unknown relative changes in wages (w,,) given
the assumed productivity shock (Z¢) and the observed trade shares (t;,, Sn;) in the initial equilibrium.

Using equation (15), we can re-write our friends-and-enemies income exposure measure in the following similar
but log linear form:

N N

6 1

dlnw; = (9+1) dlnzH—mZtm dlnw, + 6 spe[dInw, — dInz]| . (27)
n=1 =1

Comparing equations (26) and (27), we find that the difference between the predictions of the exact-hat algebra
and our friend-enemy linearization corresponds to the difference between the log of a weighted mean and a weighted
mean of logs. These two expressions take the same value as trade costs become large (t,,,, — 1, Sp,, — 1 for all
n) and under free trade. More generally, these two expressions take different values, with the difference between
them equal to the second and higher-order terms in a Taylor-series expansion. We now characterize the properties
of the second-order term in this expansion, before bounding the magnitude of all higher-order terms. To simplify
notation, we define Z; as In 2;. We use f; (z) to denote the implicit function that defines the log changes in wages w;
in equation (26) as a function of the log productivity shocks {Z}, and we use ¢; (z) to denote the second-order term
in the Taylor-series expansion of f; (z). Using this notation, we can rewrite equation (26) as:

W = =0 (B — Z) + > ity + 0> M [iin — Za]+ € (2) +O0(|2]°).
n n S~~~

——

second-order  higher-order

first-order

The properties of the second-order term depend on the Hessian Hy, of the function f; evaluated at Z, = 0V ¢:

92£(0)  92i(0) . 92£i(0)
052 92102, 9%102n
9°f:(0)  2°f:(0) . 22£:(0)
L e T (28)
2°fi(0)  2°f£i(0) . 9%fi(0)
0zZNn0z1 OzZNOzZo 8212\’,
where we can write this second-order term as ¢; (z) = z H 1.2

We now proceed as follows. First, we derive an expression for this Hessian in terms of matrices of observed
trade data (Proposition 3). Second, we show that a cross-country average of the second-order terms is exactly zero
(Proposition 4). Third, we show that the absolute magnitude of this second-order term for each country can be bounded
by the largest eigenvalue (in absolute) value of this Hessian (Proposition 5). As this largest eigenvalue can be measured
using observed trade data, we can use this result to bound the quality of the approximation for each country given the
observed trade matrices. Fourth, we aggregate these results for the second-order terms across countries, and provide
an upper bound on their sums of squares (Proposition 6). Again this bound can be computed using observed trade
data and provides a summary measure of the overall performance of our linearization. Finally, Proposition 7 provides
a bound on all higher order terms, including the second-order term and beyond.

In Proposition 3, we show that the Hessian (Hy,) depends solely on the trade elasticity (¢) and the three observed
matrices that capture the market-size effects (T), cross-substitution effects (M), and expenditure shares (S). In par-
ticular, the second-order term depends on expectations and variances taken across the elements of these matrices, as

summarized in the following proposition.
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Proposition 3. The Hessian matrix can be explicitly written as

i

H, - _% (A’ (diag (M + 1)) — S'diag (T;)S) A — B' (diag (T;) — T/T;) B).

where A = 9;-?-1 I-V)'I-T)and B = aaﬁ (I—V) "M + SA, and T;, M; are the i-th rows of T and M,

respectively.
The second-order term €; (z) = i/Hfii can be re-written more intuitively as

_ 92ET1.VS” [ln Wy, — ik] " Vo, (Inw; + 0Eg, [ln Wy — Zk])
2 2 ’

€ (z) =

where Er,, Epr, Eg, , V1., and Vg, are expectations and variances taken using {Tm}f:;l, {Mm}nNzl, and {Snk}gzl

_ N _ N 9 N 2
as measures (e.g. Er, [x,] = > | Tin@n, Vo, [z, = >0 Tinxs — (anl men> ).

Proof. See Section B.3 of the online appendix. O

As a first step towards characterizing the magnitude of the second-order terms in this expression, we next show
in Proposition 4 that the average across countries (weighted by country size in the initial equilibrium before the
productivity shock) of these second-order terms is exactly zero: q’e (z) = 0. Therefore, these second-order terms
raise or reduce the predicted change in the wage of individual countries in response to the productivity shock, but

when weighted appropriately they average out across countries.

Proposition 4. Weighted by each country’s income, the second-order terms average to zero for any productivity shock

vector: ' (z) = 0 for all z.

Proof. See Section B.4 of the online appendix. O

We now bound the absolute value of the second-order term for the income response of each country, following any
vector of productivity shocks. First, note that because the model features constant returns to scale, a uniform shock to
the productivity of all countries across the globe does not affect relative income. It is therefore without loss of gener-
ality to focus on productivity shocks that average to zero. We now show in Proposition 5 that the absolute value of the
second-order term for the log-change in income of each country 7 is bounded, relative to the variance of productivity
shocks, by the largest eigenvalue ;™% (by absolute value) of the Hessian matrix Hy, (|¢; (z)| < [p™*7| - 272).
The corresponding eigenvector z™#%% is the productivity shock vector that achieves the largest second-order term
for country . As these eigenvalues of the Hessian matrix for each country can be evaluated using the observed trade
matrices, we thus obtain a bound on the size of second-order term for each country that can be computed in practice
using the observed trade data. In our empirical application below, we show that for each country, even the largest

eigenvalue is close to zero, which in turn implies that the second-order term for each country is close to zero.

Proposition 5. |¢; (z)| < |p™®| - 7 7 for all 7, where ™% is the largest eigenvalue of Hy, by absolute value.

Let ™% denote the corresponding eigenvector (such that H 7, zma%% = max:izgmax:i) The ypper bound for |¢; (z)] is

. - - . - . . ~ T .
achieved when productivity shocks are represented by z™*": ’ei (zmax”) ‘ = |umax”‘ . (zmax”) A

Proof. See Section B.5 of the online appendix. O
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We next aggregate the second-order terms across countries and provide an upper-bound on their sum-of-squares

in Proposition 6, which enables us to assess the overall performance of our linear approximation. As we show in our

l

empirical application later, the standard unit vector € comes close to achieving the upper-bound for the ¢-th equation,

ie. e’ ~ zma%! for all £. Intuitively, because e’ is orthogonal to e’ for all i # j, this implies that the productivity

pNAX, i max

shock vectors z and Z™*J that maximize second-order effects for different countries 7 # j are almost orthogonal.

Hence, given any productivity shock vector Z, at most one country In@; = f; (z) can have a second-order term close

max;t " which is small, and the second-order terms for all other countries are close to zero. To

VNZ1 Al

above by the square-root of the spectral norm of A. Note that +; ZZ 1 €7 (2) is exactly the mean-square-residuals

to the upper-bound p

formalize this intuition, Proposition 6 constructs a symmetric order-4-tensor .4 such that is bounded

from a linear regression of the second-order-approximation on our linearized solution.

Proposition 6. Let A : RY — R denote the order-4 symmetric tensor defined by the polynomial

N

where [Hy,| , is the ab-th entry of Hy,. By construction, g (z) = (A,Z ® Z ® Z ® ) represents the inner product and is

equal to the cross-equation sum-of-square of the second-order terms (g (z) = % €2 (z)) under productivity shock z.

Let ;i be the spectral norm of A:

AzR2RzZRz
A g 22O ST
z 213

where || - ||2 is the £ norm (||z||2 = Vz'z). Then
1
¥ 24 @) < Vil = Vidz

Proof. See Section B.6 of the online appendix. 0

The spectral norm of A can be computed using the observed trade data, and the norm being close to zero implies
that the second-order terms are close to zero. Furthermore, Lagrange’s remainder theorem implies that if productivity
shocks are bounded, we can obtain a bound on all the higher-order terms including second-order and above. Using
Hy, (z) to denote the Hessian of f; (z) evaluated at productivity shock z (not necessarily equal to the zero vector),

we have the following result.

Proposition 7. Suppose productivity shocks are bounded, z € X = Hi\il [z, Z]. For any z, there exists x € X such that

Ina; = —0 (Inw; — %) + Y tin Inthy + 0 map, Inth, — 2,] +2 Hy, (x) 2
n n H—/

second and
higher-order

first-order

Proof. This is a direct application of Lagrange’s remainder theorem. O

Proposition 7 demonstrates that the Hessian matrix, evaluated at some productivity shock vector x, provides the
exact error for our first-order approximation. A bound on the eigenvalue of the Hessian evaluated over the entire
support X" of productivity shocks therefore provides an upper-bound on the exact approximation error. We exploit

this result in our empirical analysis below and show that approximation errors are close to zero for productivity shocks
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of the magnitude implied by the observed trade data. We thus conclude that our linearization provides an almost exact
approximation to the full non-linear solution of the model given the observed trade matrices. Consistent with this,
when we regress the full non-linear solution from the exact-hat algebra on our linear approximation in our empirical

analysis below, we find R-squared close to one (R? > 0.99) in all of our simulations.

4 Extensions

We now consider a number of extensions to our friends-and-enemies measures of countries’ income and welfare
exposure to productivity shocks. In Section 4.1, we derive the corresponding matrix representations allowing for
both productivity and trade cost shocks. In Section 4.2, we relax one of the ACR macro restrictions to allow for trade
imbalance. In Section 4.3, we relax another of the ACR macro restrictions to consider small deviations from a constant
elasticity import demand system. In Section 4.4, we show that our results generalize to a multi-sector model with a
single constant trade elasticity following Costinot et al. (2012). In Section 4.5, we extend this specification further to
introduce input-output linkages following Caliendo and Parro (2015). Finally, in Section 4.6, we show that our results
also hold for economic geography models with factor mobility, including Helpman (1998), Redding and Sturm (2008),
Allen and Arkolakis (2014), Ramondo et al. (2016) and Redding (2016).

4.1 Productivity and Trade Cost Shocks

Whereas productivity shocks are common across all trade partners, trade cost shocks are bilateral, which implies that
our comparative static results in equations (13) and (14) now have a representation as a three tensor. To reduce this
three tensor down to a matrix (two tensor) representation, we aggregate bilateral trade costs across partners using
the appropriate weights implied by the model. In particular, we define two measures of outgoing and incoming trade
costs, which are trade-share weighted averages of the bilateral trade costs across all export destination and import
sources, respectively. We define outgoing trade costs for country i as dIn72" = 3" ¢;,, dIn7,;, where the weights
are the income share (¢;,,) that country ¢ derives from selling to each export destination n. We define incoming trade

costs for country n as dln7* =

. > Sni d1In7p,;, where the weights are the expenditure share (s,,;) that country n

devotes to each import source i. Using these definitions in equations (13) and (14), we obtain:

N N N
dlnw; = Z tin dInw, + 0 Zh:l Zn:l tin)\nfjtv[dln Wy — dlIl Zn} - [dln W; — dln Zi] , (29)
+> g tindlnT® — dln7P"

n=1

N
dlnu, = dlnw, — Y spi [dInw; — dlnz] — dln ™, (30)
i=1
which enables us to obtain the following matrix representation.
Proposition 8. Under ACR assumptions (i)-(iv) and macro restrictions (i)-(iii), the first-order general equilibrium impact

of productivity and trade cost shocks on income and welfare in all countries around the world solves the following fixed

point equations:

dlnw = Tdlhw +0[M(dlnw—d1nz)—|—lenTin—dlnTO“t] (31)
~—— —_——
income effect market-size effect

cross-substitution effect
= Wdlnz+60(I-V) ' (Tdnr™ — dlnrom)
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dlnu = dlnw —S(dlnw— dlnz)+ dln7® (32)
N—— N——

welfare effect income effect cost-of-living effect

Proof. The proposition follows from equations (29) and (30), as shown in Section F.1 of the online appendix. 0

From Proposition 8, holding productivity constant, country n’s demand for the goods supplied by country ¢ in-
creases if the bilateral trade cost 7,,; between these countries falls relative to country n’s trade costs with all other
nations. These effects are aggregated into dIn7® and dIn7P"t, which weight the bilateral changes in trade costs
by their appropriate income and expenditure shares. From equation (31), country ¢’s income increases if its outgoing
trade cost (d In72"*) falls relative to the incoming trade cost of its export markets, weighted by the importance of
each market for country i’s income (T d In 7i?). In this equation, productivity shocks are pre-multiplied by the ma-
trix M. In contrast, incoming trade cost shocks are pre-multiplied by the matrix T, because they already include the
expenditure share weights (s,;), and outgoing trade cost shocks already incorporate the income share weights (¢;,).
From equation (32), incoming trade cost shocks (d In 7i?) also directly affect welfare through a higher cost of imports,

which raises the cost of living. In addition to these direct effects, trade cost shocks like productivity shocks also have

indirect general equilibrium effects, through the resulting endogenous changes in incomes.

4.2 Trade Imbalance

Our bilateral friends-and-enemies exposure measures in equations (15) and (19) are derived under the ACR macro
restrictions, including balanced trade. We now show that Propositions 1 and 2 naturally generalize to the case of
exogenous trade imbalances commonly considered in the quantitative international trade literature. We measure the

flow welfare of the representative agent as per capita expenditure deflated by the consumption price index:
wply + d,

ty {Zf\il p;n'e} )

Uy = (33)

D=

where d,, is the nominal trade deficit. Market clearing requires that income in each location equals expenditure on

goods produced in that location:
N

wily = Z Sni [wnén + Jn] . (34)

n=1

Trade Matrices We begin by establishing some properties our trade matrices under trade imbalance. We continue
touse q; = wi&-/ (>=,, wnty) to denote country 4’s share of world income. Let e; = (wiéi + Jn) / (>=,, wnty) denote
country ¢’s share of world expenditures, where we use the fact that the aggregate deficit for the world as a whole is
equal to zero. Let d; = ¢;/e; denote country i’s income-to-expenditure ratio, which is equal to one divided by one plus
its nominal trade deficit relative to income. Let D = Diag (d) be the diagonalization of the vector d; note ' = €'D.
Under trade balance, ¢; = ¢; for all ¢, and D = 1.

We continue to use S to denote the expenditure share matrix and T to denote the income share matrix: s,;
captures the expenditure share of importer n on exporter 7 and t;,, captures the share of exporter i’s income derived
from selling to importer n. Under trade balance, g;t;, = ¢, Sni, but this is no longer the case under trade imbalance.

Instead, we have the following results.

Lemma 3. Under trade imbalance, ' = €’S, e’ = q'T. Moreover,
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1. q' is the unique left-eigenvector of DS with all positive entries summing to one; the corresponding eigenvalue is

one. ' is also the unique left-eigenvector of TD and TS with eigenvalue equal to one.

2. € is the unique left-eigenvector of SD ™! with all positive entries summing to one; the corresponding eigenvalue is

one. € is also the unique left-eigenvector of DT and ST with eigenvalue equal to one.

Proof. See Section B.1 of the online appendix. O

Comparative Statics Using these properties of the trade matrices, we now derive countries’ income and welfare
exposure to productivity shocks under trade imbalance. As the model does not generate predictions for how trade
imbalances respond to shocks, we follow the common approach in the quantitative international trade literature of
treating them as exogenous. In particular, we assume that trade imbalances are constant as a share of world GDP,
which given our choice of world GDP as the numeraire, corresponds to holding the nominal trade deficits d,, fixed
for all countries 7.

Totally differentiating (33) and (34), we obtain the following generalizations of equations (13) and (14) to incorpo-

rate trade imbalances:

N N
dlnw; =) tn; <dln en +0 (Z Snn d1npyn, — dlnpm)) : (35)

n=1 h=1
N
dlnu, = dlne,, — Z Snm d 1N P, (36)
m=1

The introduction of trade imbalance has three main implications for these comparative static relationships. First,
trade imbalances complicate the relationship between the expenditure share (S), income share (T') and cross-substitution
(M) matrices, because with income no longer equal to expenditure for each country (e; # ¢;), we have q;tin # GnSni-
Second, the market-size effect in the income equation depends on changes in expenditure rather than changes in
income (the first term in equation (35)). Third, the income effect in the welfare equation also depends on changes
in expenditure rather than changes in income (the first term in equation (36)). Under our assumption that trade

imbalances stay constant as a share of world GDP, we have the following generalization of our earlier results.

Proposition 9. Assume constant trade deficits d,, for all countries n. The general equilibrium impact of global produc-

tivity shocks on countries’ income and welfare has the following bilateral “friends” and “enemies” matrix representations:

0 TD + 0TS !
dlnw =WdlInz, W:—0+1< ~ i1 —|—Q> M, (37)
dlnu=TUdlnz, U=(D-S)W +8S, (38)

where recall that D is the diagonalization of the vector of the ratio of income-to-expenditure d;.

Proof. The Proposition follows from equations (35) and (36), noting that for all n, dInd, = 0 = dlne, =

4= dInwy, as shown in Section F.2 of the online appendix. O

4.3 Deviations from Constant Elasticity Import Demand

Our friends-and-enemies measures of countries’ income and welfare exposure to small productivity shocks in equa-

tions (15) and (19) are only exact under the assumption of a constant elasticity import demand system. Using our
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characterization of the general Armington model in Section 2, we now examine the sensitivity of our exposure mea-
sures to deviations from this constant elasticity assumption. We begin by noting that a constant elasticity import
demand system implies that the cross-price elasticities (6,,;,) in the market clearing condition (8) are:

(th—1)9 ifi=~h
Onin = . 39
nih {snhﬁ otherwise (39)

Without loss of generality, we can represent the cross-price elasticity of any homothetic demand system as:

(40)

(Snh — 1) 0 + 0pin ifi=h
enih = .
Sphb + onin otherwise,

where 0,,;;, captures the deviation from the predictions of the constant elasticity specification (39). Noting that ho-
motheticity implies ijyzl SnkOnkh = 0, we obtain the following generalizations of our bilateral friend-enemy matrix

representations of the income and welfare effects of productivity shocks:
dlnw =Tdlnw+ (/M + O) x (dlnw — dlnz), (41)

dlnU=dlnw—-S(dlnw — dlnz), (42)

where O is a matrix with entries O;,, = Zthl tinoOnin capturing the average across markets n of these deviations
weighted by the share of country i’s income derived from each market, as shown in Section F.3 of the online appendix.

Using homotheticity, we can rewrite O = ¢- O as the product between a scalar € > 0 and a matrix O with an induced

2-norm equal to one (||O|| = 1). By construction, |O|| = e. Using this representation, we can use results from matrix
perturbation to obtain an upper bound on the sensitivity of income exposure to departures from the constant elasticity

model, as a function of the observed trade matrices and the trade elasticity.

Proposition 10. Let dIn w be the solution to the general Armington model in equation (8) and let d Inw be the solution

to the constant elasticity of substitution (CES) Armington model in equation (15). Then

. |dlnw— dlnw| _ 6 . .
I-V I-(W . 43
liy L € gl V)T W) (#3)
Proof. See Section B.7 of the online appendix. O

Given this upper bound on the sensitivity of income exposure from Proposition 10, we can use equation (42) to
compute the corresponding upper bound on the sensitivity of welfare exposure. All terms on the right-hand side of
equation (43) can be computed using the observed trade matrices and the trade elasticity. Therefore, we can can com-
pute these upper bounds for alternative assumed values of the trade elasticity. An immediate corollary of Proposition
10 is that as the departures from the constant elasticity model become small (¢ — 0), income exposure under a variable

trade elasticity converges towards its value in our constant elasticity specification.

Corollary 3. As the deviations from a constant elasticity import demand system become small (lim ¢ — 0), income and
welfare exposure in the general Armington model converge to their values in the constant elasticity of substitution (CES)

Armington model.

Proof. This corollary follows immediately from Proposition 10. O
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From Corollary 3, we can interpret the constant elasticity model as a limiting case of the variable elasticity model.
In the neighborhood of this limiting case, our friends-and-exposure income and welfare exposure measures approxi-
mate those for the variable elasticity model. More generally, from Proposition 10, we can provide an upper bound for
sensitivity of income and welfare exposure to departures from the constant elasticity model that be computed using

the observed trade matrices and assumed values for the trade elasticity.

4.4 Multiple Sectors

Our friends-and-enemies sufficient statistics extend naturally to a multi-sector model with a constant trade elasticity.
For continuity of exposition, we focus on a multi-sector version of the constant elasticity Armington model from
Section 3 above, but the same results hold in the multi-sector version of the Eaton and Kortum (2002) model following
Costinot et al. (2012), as shown in Section F.4 of the online appendix. The preferences of the representative consumer
in country n are now defined across the consumption of a number of sectors k according to a Cobb-Douglas functional

form:
Wn,

) HkK:1 [sz\; (pﬁi)ie]

where o > 1 is the elasticity of substitution between country varieties and § = o — 1 is the trade elasticity.

K
Uy, R Zakzl, 0=0c-1, o>1. (44)
k=1

Using expenditure minimization, the share of country n’s expenditure in industry k on varieties from country ¢

takes the standard constant elasticity form:

&\ —0
O (1)
Sni = 0 (45)
Zj:l ( nj)
and we let tF, = sﬁiaﬁ% be the fraction of exporter ¢’s income derived from selling to importer n in industry &.

Using the market clearing condition that country income equals expenditure on goods produced by that country,
the impact of small changes in country productivity that are common across industries (dIn z¥ = d1In z for all k)

on income and welfare in all countries has the following “friends” and “enemies” matrix representation:

dlnw = Tdlnw +6M(dlnw — dlnz), (46)
—— ———

income effect market-size effect

cross-substitution effect

dlnu = dlnw —S(dlnw — dlnz), (47)
—— —
welfare effect income effect

cost-of-living effect
where the expenditure share matrix (S), income share matrix (T) and cross-substitution matrix (IM) are now:
Kk

ok sk, ¢

_ k _k _ k nSniWntn _ k _k

S, = g O Sy T, = g ty; = g o M,;, = E tinShn — Ln=i- (48)
k=1 k=1 k=1

As in the single-sector model, S,,; equals the aggregate share of importer n’s expenditure on goods produced by
exporter i; T, is again the aggregate share of exporter i’s income derived from importer n; and M;,, again captures
the overall competitive exposure of country ¢ to country n through each of their common markets (countries h and
industries k), weighted by the importance of each market for i’s income (¢, ).

Our income and welfare exposure measures in the multi-sector model again can be decomposed into the contribu-
tion of different economic mechanisms. From equation (46), productivity shocks affect income through the market-size

effect, which is captured by the income share matrix T, and the cross-substitution effect, which is captured by the
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matrix M. Similarly, from equation (47), productivity shocks affect welfare through the income effect and the cost-
of-living effect, where this cost-of-living effect depends on the expenditure share matrix S. Both the income and
welfare effect retain the decomposition into partial and general equilibrium effects using the series representation of
the matrix inversion, as in equation (22) for the single-sector model above.

In this multi-sector model, changes in comparative advantage across industries provide an additional source of
terms of trade effects between countries. Even common changes in productivity across all sectors have heterogeneous
bilateral effects on income and welfare depending on the extent to which pairs of countries share similar patterns of
comparative advantage across industries. Furthermore, we can examine the heterogeneous effects of these common
changes in productivity across industries in trade partners using analogous sector-level measure of value-added ex-

posure to global productivity shocks:

dlnY* = WFdlInz, (49)
WF = TFW + oMF (W — 1), (50)
N
k — 4k k — k ko _ )
Tin - tni7 Mzn - Ztihshn 171:17
h=1

where Y* is the vector of value-added in sector k across countries. Aggregating across sectors, our overall income
exposure measure (W) is the weighted average of these sector-level value-added exposure measures (WX), with
weights equal to sector value-added shares:

w;lF

K h’
Zh:1 wigi

where W; is the income exposure vector for country ¢ with respect to productivity shocks in its trade partners n and

g (51)

Wi =) W}, ry
k

WP is the analogous sector value-added exposure vector for country i and sector k.

4.5 Multiple Sectors and Input-Output Linkages

We now show that we can further generalize this specification with multiple sectors from the previous subsection
to incorporate input-output linkages, following Caliendo and Parro (2015). Again for continuity of exposition, we
focus on a multi-sector version of the constant elasticity Armington model, but the same results hold in a multi-sector
version of the Eaton and Kortum (2002) model, as in Caliendo and Parro (2015).

The representative consumer’s preferences are again defined across the consumption of a number of sectors,
as in equation (44) in the previous subsection. Within each sector, each country’s good is produced with labor and
composite intermediate inputs according to a constant returns to scale production technology. These goods are subject
to iceberg trade costs, such that 7%, > 1 units must be shipped from country i to country n in sector k in order for one
unit to arrive (where 7%, > 1 for n # i and 7%, = 1). Therefore, the cost to a consumer in country n of purchasing a

good from country ¢ within sector k is:
kK k,j K
k k k k wi \ ™ i) k. k
Pri = TniCi» G = ok H(Pi) ) Z%" =1-17, (52)
j=1 k=1
where ¢! denotes the unit cost function for sector k and country i; v¥ is the share of labor in production costs in sector

k in country i; %{C " is the share of materials from sector j used in sector k in country 4; and z¥ captures value-added

productivity in sector k in country .
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Country income and welfare exposure to global productivity shocks continue to have the “friends” and “enemies”
matrix representation in equations (15) and (19). These exposure measures are again summarized by the expenditure
share (S), income share (T) and cross-substitution (IM) matrices. As before, S,,; is the expenditure share of consumers
in market n on the value-added of country i, T, is the share of value-added that country ¢ derives from country n,
and M;,, is the competitive exposure of country ¢ to country n. However, the elements of these matrices now differ,
because they use the observed input-output matrix to take into account the full structure of the network.

We now show how the elements of these matrices capture the network structure, with the full derivations reported
in Section F.6 of the online appendix. We use i, n, h, o to index countries and j, k to index industries. The elements of

the expenditure share matrix S,,; are now network adjusted as follows:

S, = aﬁsfmAfLi, (53)
h=1k=1

where the first summation is across countries A and the second summation is across industries k; aﬁ is market n’s
Cobb-Douglas expenditure share for industry k; s¥, is the share of market n’s expenditure within that industry on
country h; A¥. captures the share of revenue in industry k in country h that is spent on value-added in country i.

Similarly, the elements of the income share matrix T;,, are now also network adjusted as follows:

T, :iin’? oF (54)
in = ih Y hn>

where the first summation is across countries h and the second summation is across industries k; Hfh is the network-

k

rn is the share of revenue

adjusted income share that country ¢ derives from selling to industry k in country h; and ¢
that industry k in country h derives from selling to country n. Finally, the elements of the cross-substitution matrix

are also network adjusted as follows:

N K N N 4
M= 3 > T, (95, + D05 | Thon (55)
j=1

where the first summation is across countries h, the second summation is across industries k, and the third summation
is across countries o; I1¥ is the network-adjusted share of income in country i derived from selling to country o in
industry k; 9%, is the share of revenue in industry k in country o that is derived from selling to country h; G)]chl
captures the fraction of revenue in industry & in country o derived from selling to producers in industry j in country
h; Tk . captures the responsiveness of country h’s expenditure on industry k in country o with respect to a shock to

costs in country n.

4.6 Economic Geography

Finally, we show that our constant elasticity Armington trade model in Section 3 can be generalized to incorporate
labor mobility across locations, as in models of economic geography, including Helpman (1998), Redding and Sturm
(2008), Allen and Arkolakis (2014), Ramondo et al. (2016) and Redding (2016). The economy as a whole is endowed
with an exogenous measure of workers /, each of whom has one unit of labor that is supplied inelastically. Workers
are perfectly mobile across locations, but have idiosyncratic preferences for each location, which are drawn from an

extreme value distribution.
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As in the Armington trade model without labor mobility, we can use the market clearing condition that equates
income in each location to expenditure on goods produced in that location to examine the impact of productivity
shocks on income in all locations. Unlike the Armington trade model, population in each location in this market
clearing condition is now endogenously determined by a population mobility condition. Using these market clearing
and population mobility conditions, the impact of small productivity shocks on income in all locations again has a

bilateral “friends” and “enemies” matrix representation:

—1)— -1
dan:lenw[(W)Ts_(U )H f sydmw_dlnz), (56)
1+k 1+k 1+k

as shown in Section F.7 of the online appendix. Having solved for this impact of the productivity shock on wages
from equation (56), we can use these solutions in the population mobility condition to determine its impact of the

population share of each location (,,):
dlné =k (I-E)[dlnw—-S(dlnw — dlnz)], (57)

where = is a matrix in which each row is equal to vector of population shares across locations. Population mobility
ensures that the impact of the productivity shock on expected utility (including the idiosyncratic preference shock) is
equalized across all locations. Using our solutions for wages from equation (56) in the population mobility condition,

we also can recover this impact on the common level of expected utility:
dlnt =¢'[dlnw — S (dInw — dInz)], (58)

where £ is the vector of population shares of locations.

As in the trade model without labor mobility, income and welfare exposure to productivity shocks depend on
the expenditure share matrix (S), the income share matrix (T) and the product of these two matrices that captures
cross-substitution (T'S). In addition, in the economic geography model with labor mobility, both welfare exposure

and the population response to these productivity shocks depend on population shares (though £ and E).

5 Economic Friends and Enemies

In this section, we report our main empirical results for country income and welfare exposure to productivity shocks.
In Subsection 5.1, we introduce our international trade data. In Subsection 5.2, we examine the quality of the approx-
imation of our linearization to the full non-linear solution of the model for the empirical distribution of productivity
shocks implied by the observed data. In Subsection 5.3, we use our baseline constant elasticity Armington model from
Section 3 to examine global income and welfare exposure to productivity shocks for more than 140 countries over
more than 40 years from 1970-2012. In Subsection 5.4, we compare the predictions of our baseline constant elasticity

Armington model to those of our extensions to incorporate multiple sectors and input-output linkages.

5.1 Data

Our data on international trade are from the NBER World Trade Database, which reports values of bilateral trade be-
tween countries for around 1,500 4-digit Standard International Trade Classification (SITC) codes, as discussed further

in Section H of the online appendix. The ultimate source for these data is the United Nations COMTRADE database
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and we use an updated version of the dataset from Feenstra et al. (2005) for the time period 1970-2012.> We augment
these trade data with information on countries’ gross domestic product (GDP), population and bilateral distances
from the GEODIST and GRAVITY datasets from CEPIL® In specifications incorporating input-output linkages, we use
a common input-output matrix for all countries from Caliendo and Parro (2015). We use these datasets to construct the
T, M and S matrices for our three specifications of the single-sector constant elasticity Armington model (Section 3),
our multi-sector extension (Section 4.4) and our input-output extension (Section 4.5). In our single-sector model, our
baseline sample consists of an balanced panel of 143 countries over the 43 years from 1970-2012. In our multi-sector
models, we report results aggregating the products in the NBER World Trade Database to 20 International Standard

Industrial Classification (ISIC) industries for which we have input-output data.

5.2 Quality of the Approximation and Computational Burden

We begin by comparing the predictions from our friend-enemy (first-order) linearization with those from the conven-
tional exact-hat algebra approach. First, we undertake this comparison using the empirical distribution of productivity
shocks implied by the observed trade data. Second, we report the results from broader comparisons using simulated

productivity shocks. Third, we compare the computational performance of the two approaches.

Empirical Distribution of Productivity Shocks To compare our linearization with exact-hat algebra for empirically-
reasonable productivity shocks, we begin by recovering the empirical distribution of productivity and trade cost
shocks that rationalize the observed trade data in our baseline single-sector constant elasticity Armington model.
Note that changes in productivity and trade costs are only separately identified up to a normalization or choice of
units, because an increase in a country’s productivity is isomorphic to a reduction in its trade costs with all partners
(including itself). To separate these two variables, we use the normalization that there are no changes in own trade
costs over time (7,,,, = 1), which absorbs common unobserved changes in trade costs across all partners into changes

in productivity. But our findings for the quality of our approximation are not sensitive to the way in which we recover
productivity shocks, as explored in the Monte Carlo simulations below.

We use this normalization and an assumed standard value of the trade elasticity of # = 5 to recover changes in trade
costs and productivities (7,;, 2;) from the model’s gravity equation for bilateral trade flows and its market clearing
condition that equates a country’s income with expenditure on the goods produced by that country, as discussed
further in Section G.1.1 of the online appendix. In Figure 1a, we display the empirical distribution of log changes in
productivities (In 2;) implied by the observed data from 2000-2010. As apparent from the figure, we find that these
log changes in productivities are clustered relatively closely around their mean of zero, although some individual
countries can experience large changes in log productivities, in part because any common trade cost shocks across all
partners are absorbed into these changes in log productivities.

Having recovered these changes in productivities (2;) implied by the observed trade data, we now compare the
predictions from our (first-order) linearization for the impact of these productivity shocks on income to those from the
non-linear exact-hat algebra approach in equation (26). In particular, we set countries’ productivity shocks equal to

their empirical values (2;), undertake an exact-hat algebra counterfactual holding trade costs constant (7,,; = 1), and

>See https://cid.econ.ucdavis.edu/wix.html.
%See http://www.cepii.fr/cepii/en/bdd_modele/bdd.asp.
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solve for the counterfactual changes in countries’ per capita incomes (w;). We compare the results from these exact-
hat algebra counterfactuals to the predictions of our linearization, which implies a log change in countries’ per capita
incomes in response to these productivity shocks of Inw = W Inz. We also undertake an analogous exercise for
changes in bilateral trade costs (%;1-0), in which we undertake counterfactuals holding productivities constant (2; = 1),
and compare the counterfactual changes in countries’ per capita incomes from the exact-hat algebra counterfactuals

(1;) to the predictions of our linearization, as discussed in Section G.1.1 of the online appendix.

Figure 1: Empirical Distribution of Productivity Shocks and Counterfactual Income Predictions

(a) Distribution Across Countries of Log Productivity (b) Our Approximation Versus Exact-hat Counterfactual
Shocks (In 2;¢) from 2000-2010 Predicted Changes in Income (In w;+) from 2000-2010
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Hat-Algebra
Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3.

In Figure 1b, we display the predicted log changes in per capita incomes as a result of productivity shocks from
our linearization and the exact-hat algebra counterfactuals. Although the two sets of predictions are not exactly
the same as one another, we find an extremely strong relationship between them, such that they are almost visibly
indistinguishable, with a correlation coefficient of more than 0.999. From Section 3.6 above, our approximation is exact
under autarky (s, — 1 and ¢;; — 1) and under free trade, and performs well using matrices of random trade shares
scaled to sum to one. Empirically, we find that observed trade matrices are well approximated by a weighted average
of autarky, free trade and random matrices, and hence our approximation also performs well using observed trade
matrices. In Section G.1.1 of the online appendix, we report an analogous comparison for bilateral trade cost shocks.
Although we again find a strong relationship between the predictions of our linearization and the exact-hat algebra
counterfactuals, it is weaker than for productivity shocks. An important reason for this difference is that productivity
shocks are common across all trade partners, which means that the direct effect of these productivity shocks can be
taken outside of the summation across trade partners into a separate first term that is identical in our linearization
and the exact hat algebra in equations (26) and (27). In contrast, the direct effect of bilateral changes in trade costs

cannot be taken outside of this summation sign, because it varies across trade partners.

Simulated Productivity Shocks To explore the robustness of these results, we next report a broader set of compar-
isons between our linearization and the full non-linear solution of the model using simulated productivity shocks. In
particular, we undertake 1,000 Monte Carlo simulations in which we draw (with replacement) productivity shocks for
each country from the empirical distribution of productivity shocks from 2000-2010. Using these simulated produc-

tivity shocks, we undertake exact-hat algebra counterfactuals to compute predicted log changes in per capita income,
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and compare these predictions with those from our linearization. In Figure 3, we show the distribution of regression
slope coefficients and R-squared between the two sets of predictions. Across all of our simulations, we find slope
coefficients from 0.99-1.01 and correlation coefficients of more than 0.999.

As a further robustness check, we multiplied the size of the productivity shocks by 1,000, and undertook another
1,000 Monte Carlo simulations. Even with productivity shocks three orders of magnitude larger than those implied
by the observed trade data, we continue to find the same pattern of results, with a correlation coefficient of above 0.99
in all of our simulations. To explore the sensitivity of these results with respect to our assumed trade elasticity, we
experimented with values for the trade elasticity from 2 to 20, which spans the empirically-relevant range of values
for this parameter. Even for trade elasticities as extreme as 2 and 20, we continue to find regression slope coefficients
ranging from 0.85-1.10 and correlation coefficients of above 0.99, as reported in Section G.1.1 of the online appendix.
Taken together, these results suggest that our friend-enemy income exposure measures for productivity shocks are

close to exact for empirically-reasonable changes in productivities and values of trade elasticities.

Bounds on Approximation Error Further light on these empirical results comes from our analytical results for
the quality of the approximation in Propositions 3-7 in Subsection 3.6 above. In Table G.1 in Section G.1.1 of the
Online Appendix, we report the distribution of Hessian eigenvalues over our sample period. We find that even the
largest eigenvalue of the Hessian matrix (Hy,) is close to zero for each country. Therefore, as we approximate the
log-income change for each country ¢ separately, the second-order term ¢;, when maximized by a country-specific
vector of TFP shocks {Zma’“i}, accounts for at most a tiny fraction of the variation in In w;. For example, for the year
2000 and on average over time, we find that the second-order approximation error for the income exposure of each
country is bounded by 0.26 percent and 0.36 percent of the variance of productivity shocks respectively.
Furthermore, for all countries, we find that the second-largest eigenvalues u?”d are substantially closer to zero,

max,i

which implies that any productivity shock vector that is orthogonal to z generates approximately zero second-

order effects. We further find that the standard unit vector e’ comes close to achieving the upper bound for the ¢-th

L

equation, i.e. e/ ~ z™*%¢ for all £. Hence, the second-order term for evaluating the effect of a productivity shock in

even relative to the own-effect on

country ¢ on income in country ¢ # ¢ is small (approximately bounded by ’ p2ndi ’)

max,

country ¢ itself, which is already small (approximately bounded by ‘ I |) Even considering all higher-order terms
together (second-order and above) in Proposition 7, and using the assumption that the Hessian eigenvalues evaluated
over the support of the distribution of productivity shocks are bounded by the Hessian eigenvalues observed during
our sample period, we continue to find that the approximation error remains small. In particular, we find that the global
approximation errors for income exposure to own productivity shocks are less than 0.62 percent of the variance of

productivity shocks, and that these global approximation errors for income exposure to other countries’ productivity

shocks are 0.33 percent of the variance of productivity shocks.

Computational Speed In comparing our (first-order) linearization to the exact-hat algebra, another relevant cri-
terion alongside the quality of the approximation is the relative computational burden. We compare computational
speed for the two approaches using Matlab, a single thread (virtual CPU core), and a tolerance of 10~ for solving
the full non-linear solution of the model using the exact-hat algebra (our matrix inversion uses machine precision).

We compute 6,149 comparative statics for country productivity shocks (143 countries x 43 years) for our baseline
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Figure 2: Distributions of Regression Slope Coefficients and Coefficients of Correlation Comparing our Friend-Enemy
Approximation to Exact-Hat Algebra Predictions in Monte Carlos using Simulated Productivity Shocks (Trade Elas-
ticity 6 = 5)
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Source: NBER World Trade Database and authors’ calculations authors’ calculations using our baseline constant elasticity Armington model from
Section 3. Monte Carlo simulations using 1,000 replications. Simulated productivity shocks drawn (with replacement) from the empirical
distribution of productivity shocks from 2000-10.

single-sector Armington model from Section 3. On both our laptops and high-performance computer servers, we
find that our linearization is around 70,000 times faster than the exact-hat algebra.7 As we move from our baseline
single-sector specification to the more computationally demanding input-output specification, we find that this dif-
ference in processing time increases further. As a result of these improvements in computational speed, it becomes
feasible to compare the results of large numbers of counterfactuals across different quantitative models, such as our
single-sector, multi-sector and input-output specifications. Therefore, in settings in which large numbers of coun-
terfactuals must be undertaken, our linearization can provide a useful complement to solving for the full non-linear
solution using exact-hat algebra. At the very least, using the predictions of our linearization as the initial guess for
the full model solution brings dramatic improvements in computational speed. More broadly, our approach closely
approximates the full model solution, has a clear interpretation in terms of the underlying economic mechanisms, and

enables researchers to easily explore the sensitivity of counterfactual predictions across different quantitative models.

5.3 Aggregate Income and Welfare Exposure 1970-2012

We now present our main empirical results on global income and welfare exposure to productivity shocks using our
baseline constant elasticity Armington model from Section 3. First, we present results for the overall distribution of
income and welfare exposure across countries and over time. Second, we provide further evidence on the large-scale
changes in bilateral networks of income and welfare exposure that have occurred over our sample period. Third,
we evaluate the role of general equilibrium relative to partial equilibrium effects in shaping the impact of these pro-
ductivity shocks. Fourth, we examine the different economic mechanisms of the market-size, cross-substitution and
cost-of-living effects. Fifth, we investigate the contributions of importer, exporter and third market effects in shaping

countries’ exposure to foreign productivity shocks.

To solve the exact-hat algebra counterfactuals, we use an iterative algorithm of the form considered in Allen and Arkolakis (2014) and Allen
et al. (2020). Using a standard Matlab optimization routine such as Fsolve substantially increases the computation time for these counterfactuals.
Allowing for parallelization (multiple virtual CPU cores) reduces this computation time.
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5.3.1 Global Income and Welfare Exposure

Using our baseline constant elasticity Armington model, we compute bilateral income and welfare exposure to pro-
ductivity shocks for our balanced panel of 143 countries over the 43 years from 1970-2012 (143 x 143 x 43 = 879, 307
bilateral predictions for each variable). In Figure 3, we show mean income and welfare exposure to foreign produc-
tivity shocks over time (excluding own productivity shocks) and their 95 percent confidence intervals. In interpreting
the magnitudes, note that these values correspond to mean changes in income and welfare with respect to infinites-
imally small productivity shocks. Once we take into account the empirical size of productivity shocks, we obtain
predicted changes in income and welfare comparable to those from the full non-linear model solution, as shown in
Section 5.2 above. Given our choice of world GDP as numeraire, a productivity shock that raises a country’s own per
capita income tends to reduce the per capita income of other countries (in order to hold world GDP constant), which
results in a negative average income exposure (left panel). As our choice of numeraire holds world GDP constant
over time, we also find that mean income exposure is relatively flat over time. Besides raising a country’s own per
capita income, a productivity shock also reduces its prices, and we find that this cost of living effect is sufficiently
strong that average welfare exposure is positive (right panel). These welfare results are invariant to the choice of
numeraire, which cancels from the income and cost of living components of welfare, as discussed above. One striking
feature of the figure is the substantial and statistically significant increase in average welfare exposure over time, by
around 72 percent from 1970-2012. This pattern of results is consistent with the view that the increased globalization
that occurred over our sample period enhanced countries’ interdependence on one another, as captured by average
exposure to foreign productivity growth.

Another striking feature of Figure 3 is the substantial dispersion in exposure to foreign productivity shocks, as
reflected in the 95 percent confidence intervals. In Figure 4, we provide further evidence on this heterogeneity in
welfare exposure using Box and Whisker plots, in which the interquartile range is shown by the edges of the box,
and the extended lines represent the 5th and 95th percentiles. Although on average foreign productivity shocks raise
importer welfare, an importer at the 5th percentile experiences a reduction in welfare only somewhat smaller than the
increase in welfare enjoyed by an importer at the 95th percentile. Furthermore, we find an increase in the dispersion
of welfare exposure from the early 1980s onwards in Figure 4, which suggests that increased globalization has not
only raised countries average exposure to foreign productivity growth, but also enhanced the inequality in the effects
of this productivity growth, namely the extent to which individual countries are winners or losers from expansions
in the productive capacity of particular trade partners.®

In our constant elasticity Armington model, this heterogeneity in welfare exposure reflects the interaction of the
cross-substitution, market-size and cost-of-living effects. First, the direct effect of a country’s productivity growth in
lowering its prices has a negative cross-substitution effect on the per capita income of its trade partners, as these trade
partners face increased competition in markets around the world. Second, this direct effect of productivity growth in
lowering prices also raises welfare in all countries through a lower cost of living. Third, productivity growth raises a
country’s own per capita income, which has a positive market-size effect on the per capita income of other countries.
Fourth, the resulting endogenous changes in per capita income in all countries have further indirect effects on prices,

income and welfare through these cross-substitution, market-size and cost-of-living mechanisms. The relative balance

8The step increase in the dispersion of welfare exposure between 1999 and 2000 in Figure 4 is driven by a step increase in the number of bilateral
importer-exporter pairs with positive international trade flows between those years.
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Figure 3: Mean Income and Welfare Exposure to Productivity Shocks in Other Countries over Time
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Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3.

of all of these forces depends on the geography of trade flows, as reflected in the expenditure share matrix (S), the
income share matrix (T), and the cross-substitution matrix (IM).

In Figure 5, we illustrate global welfare exposure to productivity shocks in 1970, 1985, 2000 and 2012 using a
network graph, where the nodes are countries and the edges capture bilateral welfare exposure. For legibility, we
display the 50 largest countries in terms of GDP and the 200 edges with the largest absolute values of bilateral welfare
exposure.” The size of each node captures the importance of each country as a source of productivity shocks (as
a source of welfare exposure for other countries); the arrow for each edge shows the direction of bilateral welfare
exposure (from the source of the productivity shock to the exposed country); and the thickness of each edge shows
the absolute magnitude of the bilateral welfare exposure. Countries are grouped to maximize modularity (the fraction
of edges within the groups minus the expected fraction if the edges were distributed at random).

At the beginning of our sample period in 1970, the global network of welfare exposure is dominated by the U.S.,
Germany and other Western industrialized countries (top-left panel). Moving forward to 1985, we see the emergence
of Japan and a cluster of Newly Industrialized Countries (NICs) in Asia, and we observe Western Europe increasingly
emerging as a separate cluster of interdependent nations. By the time we reach 2000, the separate clusters of countries
in Asia and Western Europe become even more apparent, with China beginning to displace Japan at the center of the
Asian cluster. By the end of our sample period in 2012, China replaces the U.S. at the center of the global network
of welfare exposure, with the US more tightly connected to China and other Asian countries than to the cluster of
Western European countries. Therefore, we find substantial changes, not only in the mean and dispersion of welfare

exposure, but also in the network of bilateral interdependencies between countries.

9 All of the bilateral welfare exposure links shown in the figure are positive.
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Figure 4: Box-Whisker Plot of Distribution of Welfare Exposure over Time
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Figure 5: Global Welfare Exposure, 1970, 1985, 2000 and 2012
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5.3.2 Regional Networks of Welfare Exposure

To provide further evidence on changes in regional networks of welfare exposure over our sample period, we use
chord or radial network diagrams, as used for example in comparative genomics in Krzywinski et al. (2009) and for
bilateral migration flows in Sander et al. (2014).

In Figure 6, we show welfare exposure in 1970 and 2012 for U.S., Canada, Mexico, Japan and China, where each
country is labelled by its three-letter International Organization for Standardization (ISO) code.!® These countries are
arranged around a circle, where the size of the inner segment for each country shows its overall outward exposure (the
effect of its productivity shocks on other countries), and the gap between the inner and outer segments shows its over-
all inward exposure (the effect of foreign productivity shocks upon it). Arrows emerging from the inner segment for
each country show the bilateral impact of its productivity shocks on welfare in other countries. Arrows pointing to-
wards the gap between the inner and outer segments show the bilateral impact of other countries’ productivity growth
on its welfare.!! In 1970, the network is dominated by the effect of US productivity shocks on welfare in the other
countries, and Japan is substantially more connected to the network than China. By 2012, following Mexican trade
liberalization in 1987, the Canada-US Free Trade Agreement (CUSFTA) in 1988 and the North American Free Trade
Agreement (NAFTA) in 1994, we observe much deeper integration between the three North American economies.
Additionally, we find a reversal of the relative positions of the two Asian economies, with China substantially more

integrated into the network than Japan.

Figure 6: North American Welfare Exposure, 1970 and 2012
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In Figure 7, we display welfare exposure for a broader group of Asian countries. Three features stand out. First,

we again find a dramatic change in the relative positions of Japan and China. Whereas in 1970 Japan dominated

10Ty ensure a consistent treatment of countries over time, we manually assign some three-letter codes, such as the code USR for the members
of the former Soviet Union.

1'We omit own exposure to focus on the impact of foreign productivity shocks on country welfare. Almost all values of our welfare exposure
measure in these diagrams are positive. For ease of interpretation, we add a constant to our welfare exposure measure in each year, such that its
minimum value is zero, which implies that these diagrams show the impact of the productivity shock on relative levels of welfare.
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the network of welfare exposure, in 2012 this position is firmly occupied by China. Second, Vietnam becomes both
substantially more exposed to foreign productivity shocks and a much more important source of these productivity
shocks for other countries, following its trade liberalization. Third, the overall network of welfare exposure is much
denser in 2012 than in 1970, consistent with greater trade integration among these Asian countries increasing their
economic interdependence on one another. In Section G.1.2 of the online appendix, we provide further evidence on

large-scale changes in regional networks of welfare exposure for Central Europe following the fall of the Iron Curtain.
Figure 7: Asian Welfare Exposure, 1970 and 2012
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5.3.3 Partial and General Equilibrium Effects

We now examine the role of partial and general equilibrium forces in the model using our series decomposition in
equation (22) above. From our earlier discussion, the direct or partial equilibrium effect of productivity growth in a
given exporter is to increase its price competitiveness in all markets, which leads to substitution away from all other
countries’ goods. But there are also indirect or general equilibrium effects, as the endogenous changes in per capita
income that occur in response to this productivity growth also affect both cross-substitution and market demand.

In Figures 8a and 8b, we show this series decomposition for the impact of Chinese productivity growth on U.S.
income and welfare respectively. In both figures, the thick blue line shows the partial equilibrium effect (the first-
order term ﬁM in the series-decomposition in equation (22)). The thinner blue line immediately below adds to
this partial equilibrium effect the first term from the general equilibrium component of the series decomposition (the
term %MV in equation (22)). Each of the additional thinner blue lines further below add successively higher-order
terms from the general equilibrium component of the series decomposition. As we add these additional higher-order
terms, predicted income exposure converges towards our overall income exposure measure in equation (17).

As apparent from the figure, we find that the general equilibrium forces in the model are large relative to the
partial equilibrium forces, and we find relatively rapid convergence, such that the addition of a few higher-term terms
in the series decomposition takes us relatively close to our overall measure of income exposure. Taken together, these

results highlight the importance of general equilibrium forces in this class of constant elasticity trade models, and
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suggest that a misleading picture about the effects of productivity growth would be obtained by focusing solely on

the partial equilibrium term of productivity growth weighted by the trade elasticity and the initial expenditure shares.

5.3.4 Cross-Substitution, Market Size and Cost of Living Effects

We now examine the contributions of the different economic mechanisms in the model by separating out overall
income exposure into the contributions of the market-size and cross-substitution effects, and breaking down the
welfare effect into the contributions of the income and cost of living effects.

Figure 8: Partial and General Equilibrium Effects of the Impact of Productivity Growth in China (Exporter) on Income
in the United States (Importer) over Time
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In Figure 9, we illustrate these relationships for a Chinese productivity shock in 2010, where the circles correspond
to each of the other countries in our sample (excluding China). In the top-left panel, we show the relationship between
the cross-substitution effect (W5"?) and the market size effect (W — W), We find that the cross-substitution effect is
always negative, as higher Chinese productivity reduces the competitiveness of other countries in all markets, which
leads consumers in all markets to substitute away from these other countries’ goods, and lowers their per capita
income relative to China. In contrast, the market-size effect can be either positive or negative. On the one hand, higher
productivity in China raises its per capita income, which increases the market demand for other countries’ goods, and
increases their income. On the other hand, the reduction in income in other markets from the cross-substitution effect
lowers market demand for other countries’ goods, which decreases their income. The overall income effect is the net
outcome of these cross-substitution and market-size forces and hence can be either positive or negative. As apparent
from the top-left panel, we find a strong relationship between the market-size and cross-substitution effects, because
the gravity structure of international trade jointly determines the share of exporter ¢ in importer n’s expenditure (s,,;)
and the share of importer n in exporter ¢’s income (t;,,), which are the key determinants of the relative magnitude of
these two effects.

In the top-right panel, we display the cross-substitution effect against the overall income effect, while in the
bottom-left panel, we show the market-size effect against the overall income effect. As the cross-substitution effect
lowers per capita income, while the market size effect increases per capita income, we find a negative relationship

in the top-right panel and positive relationship in the bottom left panel. Both the cross-substitution and market-size
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effects are quantitatively relevant relative to the overall income income, with a regression slope coefficient of -2.87 and
R-squared of 0.46 in the top-right panel, and a regression slope coefficient of 3.87 and R-squared of 0.61 in the bottom-
left panel. As we consider productivity shocks for different exporters and years, we find that exporter country size
plays a central role in driving the relative importance of the market-size and cross-substitution effects in the overall
income effect. In particular, the market size effect is smaller relative to the overall income effect for exporters with
smaller shares of world GDP.

In the bottom-right panel, we show the welfare effect against the income effect, where these two effects differ
from one another through the cost-of-living effect. As apparent from this panel, we find a positive and statistically
significant relationship between the two variables, with a regression slope coefficient of 0.24. However, we find that
this correlation is far from perfect, with a regression R-squared of only 0.28. This pattern of results highlights the
strength of the cost-of-living effect in the model and emphasizes that caution is warranted in making inferences

about changes in welfare from information on changes in income alone.

Figure 9: Mechanisms Underlying the Income and Welfare Effects
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5.3.5 Own and Third Market Effects

Even within the cross-substitution effect, our approach highlights that higher exporter productivity growth affects
importer income and welfare through multiple channels of increased exporter price competitiveness in the importer’s
market, the exporter’s market and third markets.

In Figure 10, we illustrate the contributions of these different terms towards the partial equilibrium cross-substitution
effect for US exposure to Chinese productivity growth. Consistent with the emphasis in reduced-form empirical stud-

ies on impacts in the U.S. market, we find that much of the direct effect of higher Chinese productivity growth occurs
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within the U.S. (importer’s) market. However, we find that a substantial component also occurs within the Chinese
(exporter’s) market, which highlights the role of both U.S. imports and exports in shaping the impact of the China
shock. In comparison, we find smaller third market effects, with the largest third market effects occurring in Singa-
pore, Canada and Japan. This pattern of third market effects is intuitive, as this partial equilibrium cross-substitution
effect for the U.S. depends on the product of the share of U.S. income derived from a market (¢;,) and the share of
that market’s expenditure on China (sy,,). In line with this intuition, Canada is one of the largest markets for the U.S.
(high ¢;5). Although Singapore and Japan are smaller markets for the U.S. (lower ¢;), they have relative high shares of
expenditure on China (high s,;), and hence increased Chinese competitiveness has a large impact on US sales within
these markets.

While, for ease of interpretation, we illustrate the contributions of the importer’s market, exporter’s market and
third markets using the partial equilibrium cross-substitution effect, the more subtle general equilibrium interactions
that occur through the cross-substitution and market-size effects also take place in these three groups of markets, as

discussed in Section 3.5 and captured in our overall exposure measures above.

Figure 10: USA Exposure to Partial Equilibrium Cross-Substitution Effect from China, 2010
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5.4 Sectoral Linkages and Income and Welfare Exposure 1970-2012

We now present evidence from our extensions to incorporate multiple sectors and input-output linkages. In Subsection
5.4.1, we compare the aggregate predictions of the single-sector, multi-sector and input-output specifications, exam-
ining the extent to which introducing industry comparative advantage and input-output linkages affects aggregate
predictions for income and welfare. In Subsection 5.4.2, we examine the new disaggregated sector-level predictions
of these extensions, in which even productivity shocks that are common across sectors in one country can have het-
erogeneous effects on sectors in its trade partners, depending on the extent to which they compete with one another

in sector output markets or source intermediate goods from one another in input markets.
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5.4.1 Aggregate Income and Welfare Exposure

In our baseline single-sector Armington model, changes in country welfare in response to foreign productivity shocks
occur through changes in the factoral terms of trade. In contrast, in our multi-sector extension from Section 4.4, the
terms of trade is also influenced by patterns of comparative advantage across sectors. In particular, the effect of
productivity growth in any one foreign country on home welfare depends on the extent to which that foreign country
has a similar or dissimilar pattern of comparative advantage across sectors to the home country. In our input-output
extension from Section 4.5, this effect of foreign productivity growth on home welfare is further complicated, because
domestic comparative advantage across sectors now depends in part on foreign comparative advantage across sectors,
through the input-output structure of production.

These differences in the determinants of the terms of trade in the three models are reflected in the elements of the
trade matrices (S, T and M) that determine the cross-substitution, market-size and cost-of-living effects. Therefore,
although all of these models share the same friends-and-enemies representation of income and welfare exposure, the
way in which this representation is constructed differs between them. In the multi-sector model, the elements of the
S and T matrices in equation (48) now depend on the product of the share of country n’s overall expenditure on
industry k (a¥) times its share of expenditure on country i within that industry (s¥,). If industries differ in size and
vary in importance in the trade between different bilateral pairs of countries as a result of comparative advantage, the
resulting elements of these matrices differ from those in the single-sector model. These differences in the elements
of the S and T matrices in turn induce corresponding differences in the elements of the M matrix, which depend on
the products of s¥, ¢, for all markets h. In the input-output model, the elements of all three matrices in equations
(53), (54) and (55), respectively, must be further adjusted to take into account the network structure of production,
using the observed industry-to-industry flows in the input-output matrix. For the S and T matrices that capture
the share of an importer’s expenditure on each exporter and the share of an exporter’s income derived from each
importer, respectively, this is largely a matter of accounting. We take into account that the gross value of trade from
exporter ¢ to importer n in industry £ includes not only the direct value-added created in this exporter and industry
but also indirect value-added created in previous stages of production. For the M matrix, this adjustment also takes
into account that the effect of a foreign productivity shock differs depending on whether it reduces intermediate input
costs or competitors’ output prices.

We now examine the implications of these differences in the S, T and M matrices across the three models for
their aggregate predictions for countries’ welfare exposure to foreign productivity shocks. In our input-output model,
we use a common input-output table for all countries from CP, which implies common industry expenditure shares
across all countries in traded and non-traded sectors. To ensure a fair comparison across the three models, we make
the same assumption of common industry expenditure shares across countries in the multi-sector model, and we
incorporate non-traded goods into all three of our models.!? In Figure 11, we display countries’ welfare exposure to
a Chinese productivity shock in 2010 (excluding China’s own exposure). In the top-left panel, we show the multi-
sector model versus the single-sector model; in the top-right panel, we display the input-output model versus the
single-sector model; and in the bottom-left panel, we report the input-output model versus the multi-sector model.

We find strong correlations between the aggregate predictions of all three models, which are statistically significant

2Therefore, our single-sector model in this section features a single traded sector and a single non-traded sector, whereas our multi-industry
and input-output models incorporate many disaggregated sectors.

38



at conventional critical values. In the top-left panel, we find that aggregate welfare responds more strongly to foreign
productivity growth in the multi-sector model than the single-sector model (slope coefficient of 1.42), consistent with
an additional margin of adjustment in the multi-sector model (industry comparative advantage). In the top-right
and bottom-left panels, we find even stronger responses of aggregate welfare to foreign productivity growth in the
input-output model than in either of the other models (slope coefficients of 3.18 and 2.23 respectively), consistent with

input-output linkages magnifying the effects of productivity improvements.

Figure 11: Aggregate Welfare Exposure in the Single-Sector, Multi-Sector and Input-Output Models
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In Figure 12, we examine the impact of Chinese productivity growth on aggregate U.S. income and welfare over
our whole sample period. To ensure that our results for income exposure are invariant to the choice of numeraire,
we display the income effect relative to the income-weighted average for all OECD countries. Consistent with our
results for all pairs of countries above, we again find similar aggregate welfare predictions across all three models.
In each case, we find that Chinese productivity growth has an increasingly negative effect on aggregate US income
relative to the OECD average, but an increasingly positive effect on aggregate US welfare, highlighting the powerful
cost of living effect in these quantitative trade models. Comparing the single-sector and multi-sector models, we find
a substantially more negative effect of Chinese productivity growth on US relative income once we take industry
specialization into account. As we move from the multi-sector model to the input-output model, we find a much
larger positive effect of Chinese productivity growth on US welfare, again highlighting the potential for input-output

linkages to magnify the effects of productivity improvements.

39



Figure 12: Aggregate Income and Welfare Exposure to Chinese Productivity Growth
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5.4.2 Sector Income Exposure

Even though all three models have relatively similar aggregate predictions for income and welfare, the multi-sector
and input-output models have additional disaggregated predictions for sector income, as summarized for the multi-
sector model in equation (50) in Section 4.4 above. In this section, we briefly illustrate these disaggregated predictions
for sector income by considering the impact of Chinese productivity growth on nearby South-East Asian countries
and other resource-rich emerging economies, using the input-output model from Section 4.5 above. As discussed for
the aggregate income effect above, our choice of world GDP as numeraire implies that a productivity shock that raises

a country’s own income tends to reduce income in other countries (in order to hold world GDP constant).

Figure 13: Industry Sales Exposure to Chinese Productivity Growth FOR
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For both the nearby South-East Asian countries (Figure 13) and the resource-rich emerging economies (Figure 14)
we find some of the most negative effects for the Textiles sector. In contrast, we find striking differences between
the two groups of countries in the sectors with the most positive or least negative income effects. For the nearby
South-East Asian countries, the sectors that benefit most from Chinese productivity growth include the Electrical,
Medical and Office sectors, consistent with input-output linkages between related sectors through global value chains
in Factory Asia. However, for the resource-rich emerging economies, the sectors that benefit most include the Mining,
Agricultural and Basic Metals sectors, consistent with a form of “Dutch Disease,” in which the growth of resource-
intensive sectors propelled by Chinese demand competes away factors of production from less resource-intensive
sectors. Taken together, this pattern of results highlights that even common productivity growth across sectors can
have subtle and heterogeneous effects on individual sectors in foreign trade partners, depending on patterns of com-

parative advantage and input sourcing.

Figure 14: USA Industry Sales Exposure to Chinese Productivity Growth

Brazil Chile
53] Go !
L © L Basic metals
L: 84 '-: N Mining
£ N Mining £ v
831 g =
= cv 4
£ =% P
=71 A = X aper
co | \ e |
> Electrical K
By Communication @ ol ffice
3 Office EQR Textile
£ £ Communication
T T T T T T T T
2000 2005 2010 2015 2000 2005 2010 2015
Former-USSR South-Africa
- - 0
8° 82 Basic metal:
g g asic metals
in] in]
218 0°
E Petroleum E o Mining
o - SRR
g Mining <
S5 S« |
o \ Agriculture S Food
>0 >0 Communication
g \'(i;f:mvumcahon £ Office
\ ice
E Textile B Textile
7 7 T T T 7 T T
2000 2005 2010 2015 2000 2005 2010 2015

Source: NBER World Trade Database and authors’ calculations using the input-output model from Section 4.5.

6 Economic and Political Friends and Enemies

We now use our bilateral measures of exposure to productivity shocks to provide evidence on the political economy
debate about the extent to which increased conflict of economic interests between countries necessarily involves
heightened political tension between them. In Subsection 6.1, we introduce the data on countries’ bilateral political
attitudes towards one another. In Subsection 6.2, we examine the relationship between these bilateral political attitudes

measures and our economic exposure measures.

6.1 Measuring Bilateral Political Attitudes

Building on a large literature in political science, we measure bilateral political attitudes between countries using
two different data sources. First, we use voting behavior in the United Nations General Assembly (UNGA) to reveal
the bilateral similarity of countries’ foreign policies. Second we use measures of strategic rivalries, as classified by

Thompson (2001) and Colaresi et al. (2010), based on contemporary perceptions by political decision makers of whether
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countries regard one another as competitors, a source of actual or latent threats, or enemies.

6.1.1 United Nations General Assembly Votes

The ultimate source for our UN voting data is Voeten (2013), which reports non-unanimous plenary votes in the United
Nations General Assembly (UNGA) from 1962-2012, and includes on average around 128 votes each year. We use the
version of these data from the Chance-Corrected Measures of Foreign Policy Similarity (FPSIM) database, as reported
in Hége (2017)."* Countries are recorded as either voting “no” (coded 1), “abstain” (coded 2) or “yes” (coded 3).

We use several measures of bilateral voting similarity constructed from these data, as discussed in further detail in
Section G.2.1 of the online appendix. Our first and simplest measure is the S-score of Signorino and Ritter (1999), which
equals one minus the sum of the squared actual deviation between a pair of countries’ votes scaled by the sum of the
squared maximum possible deviations between their votes. By construction, this S-score measure of bilateral voting
similarity is bounded between minus one (maximum possible disagreement) and one (maximum possible agreement).

A limitation of this S-score measure is that is does not control for properties of the empirical distribution function
of country votes. In particular, country votes may align by chance, such that the frequency with which any two
countries agree on a “yes” depends on the frequency with which each country individually votes “yes.” Therefore, we
also consider two alternative measures of bilateral voting similarity that control in different ways for properties of
the empirical distribution of votes. First, the m-score of Scott (1955) adjusts the observed variability of the countries’
voting similarity using the variability of each country’s own votes around the average vote for the two countries taken
together. Second, the x-score of Cohen (1960) adjusts this observed variability of the countries’ voting similarity with
the variability of each country’s own votes around its own average vote.

Both the 7-score and k-score have an attractive statistical interpretation, as discussed further in Krippendorf
(1970), Fay (2005) and Hage (2011). In the case of binary (0,1) voting outcomes, these indices reduce to the form of
1 — (D,/D.), where D, is the observed frequency of agreement and D, is the expected frequency of agreement.
The key difference between the two indices is in their assumptions about the expected frequency of agreement. The
m-score estimates the expected frequency of agreement using the average of the two countries’ marginal distributions
of votes. In contrast, the k-score estimates the expected frequency of agreement using each country’s own individual
marginal distribution of votes. All three of these measures of foreign policy similarity are necessarily symmetric,
whereas our economic measures of exposure to productivity shocks are potentially asymmetric, because country n’s
exposure to country ¢ is not necessarily the same as i’s exposure to n.

Finally, as Bailey et al. (2017) point out, measures based on dyadic similarity of vote choices—such as the S, m,
and k scores—do not account for the heterogeneity in resolutions being voted on. As a result, these measures could
incorrectly attribute changes in agenda as changes in state preferences. To resolve this issue, Bailey et al. (2017) apply
spatial voting models from the roll call literature to estimate each country’s political preferences embedded in its
UN votes. The outcome of this statistical procedure is a time-varying, one-dimensional measure called "ideal points",
which reflects each country’s preference.* Bailey et al. (2017) show that ideal points consistently capture the position

of states vis-a-vis a US-led liberal order. We derive a measure of bilateral distance by taking the absolute difference

13See https://dataverse.harvard.edu/dataset.xhtml?persistentld=doi:10.7910/DVN/ALVXLM

14Specifically, Bailey et al. (2017)’s methodology identifies preference change over time by exploiting duplicate resolutions that are voted repeat-
edly in consecutive sessions. This methodology also weights resolutions based on how much they reflect the main policy preference dimension in
order to ensure that ideal points are not heavily influenced by resolutions that reflect idiosyncratic factors.
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between the ideal points of countries ¢ and j in year ¢.
6.1.2 Strategic Rivalry

Our second set of measures of countries’ bilateral attitudes are indicator variables that pick up whether country 7 is a
strategic rival of j in year ¢, as classified by Thompson (2001) and Colaresi et al. (2010). These rivalry measures capture
the risk of conflict with a country of significant relative size and military strength, based on contemporary perceptions
by political decision makers, gathered from historical sources on foreign policy and diplomacy. Specifically, rivalries
are identified by whether two countries regard each other as competitors, a source of actual or latent threats that pose
some possibility of becoming militarized, or enemies."

Prior research has shown that rivalry occurs much more frequently than actual wars (Colaresi et al. 2010, Aghion
et al. 2018). In our sample from 1970-2012, a total of 42 countries have had at least one strategic rival; 74 country-pairs
have been strategic rivals at some point; and the total number of country-pair-years that exhibit strategic rivalry is
2,452. China, for instance, is classified as being in strategic rivalry with the U.S. (1970-1972 and 1996-present), India
(the entire sample period), Japan (1996—present), the former Soviet Union (1970-1989), and Vietnam (1973-1991).

6.2 Bilateral Political Attitudes and Economic Exposure

We now examine the relationship between these measures of bilateral political attitudes and our friends-and-enemies

sufficient statistics. We estimate the following regression specification for importer n, exporter ¢, and time ¢:
Anit = fUnit + 1ni + de + €nit, (59)

where A,,;; is one of our measures of bilateral foreign policy similarity; U,,;; is our friends-and-enemies welfare
exposure measure; 7,; is an exporter-importer fixed effect that controls for time-invariant unobserved heterogeneity
that is specific to an exporter-importer pair and affects both political attitudes and economic exposure; d; are year
dummies; in some specifications, we replace the year fixed effects with exporter-year fixed effects and importer-year
fixed effects; the exporter-year fixed effects control for the observation for which we shock productivity and capture
unobserved shocks that affect an exporter’s welfare exposure and political attitudes across all importers in a given
year; the importer-year fixed effects control for unobserved shocks that affect an importer’s welfare exposure and
political attitudes across all exporters in a given year; €, is a stochastic error; and we cluster the standard errors in
all specifications by exporter-importer pair to allow for serial correlation in this error term over time.

Our inclusion of exporter-importer and year fixed effects implies that the regression specification (59) has a
difference-in-difference interpretation, where the first difference is over time and the second difference is between
exporter-importer pairs. The key coefficient of interest [ is identified from differential changes within exporter-
importer pairs over time: we examine whether as an exporter-importer pair becomes more economically friendly in
terms of the welfare effects of productivity growth, it also becomes more politically friendly in terms of foreign policy
similarity. A concern about estimating equation (59) using OLS is the potential for reverse causality: unobserved
changes over time in countries’ bilateral attitudes towards one another in the error term (e,;;) could lead to changes

in bilateral trade between them. These changes in bilateral trade could in turn affect bilateral welfare exposure (U ,;;),

B Colaresi et al. (2010) further refine the data to distinguish between three types of rivalries: spatial, where rivals contest the exclusive control of
a territory; positional, where rivals contest relative shares of influence over activities and prestige within a system or subsystem; and ideological,
where rivals contest the relative virtues of different belief systems relating to political, economic or religious activities.
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thereby inducing a correlation between welfare exposure and the error term. To address this concern, we use a spec-
ification that follows Frankel and Romer (1999) in using predicted trade flows abstracting from this variation as an
instrument. In particular, we estimate the following gravity equation for bilateral trade (x,,;) between countries for
each year separately:

Tnit = XntgitdiSti;wnity (60)

where Y, is an importer-year fixed effect; £;; is an exporter-year fixed effect; ¢, is the time-varying coefficient
on distance; and w,,; is a stochastic error. We estimate this gravity equation using the Poisson Pseudo Maximum
Likelihood estimator of Santos Silva and Tenreyro (2006), which yields theory-consistent estimates of the fixed effects,
as shown in Fally (2015). To abstract from changes over time in countries’ bilateral attitudes for one another, we
use the fitted values from this regression (Z,;; = )Zntfitdist%) to construct predicted expenditure shares (5,;; =
Tnit/ 22:1 Zmit), thereby removing the bilateral error term w,;;. In our class of models, these expenditure shares
(Snit) determine income shares (t;,,¢), cross-substitution (m;,), and hence welfare exposure (U,,;;). Therefore, we use
the predicted expenditure shares (5,,;) to instrument welfare exposure (U ;) in equation (59). Even after conditioning
on importer-year and exporter-year fixed effects, there is bilateral variation over time in these predicted expenditure
shares ($,,;;), because of the time-varying coefficient on distance (¢;).

In Table 1, we report results of estimating equation (59) using both sets of attitudes measures (UN voting and
strategic rivalries) and our welfare exposure measure. We estimate this relationship using two-stage least squares,
instrumenting welfare exposure using our predicted trade shares. Columns (1)-(2) use the S-score; Columns (3)-(4)
use the 7-score; Columns (5)-(6) use the x-score; Columns (7)-(8) use the distance in ideal points; and Columns (9)-
(10) use strategic rivalries (all types). In each of these pairs of specifications, the first column ((1), (3), (5), (7) and (9))
includes only the exporter-importer and year fixed effects; the second column ((2), (4), (6), (8) and (10)) augments this
specification with exporter-year and importer-year fixed effects. Panel A uses welfare exposure from the single-sector
model from Section 3 above; Panel B uses welfare exposure from the multi-sector model from Section 4.4 above; and
Panel C uses welfare exposure from the input-output model from Section 4.5 above.

Across Columns (1)-(6), we find positive and statistically significant coefficients in all specifications, implying
that as countries become greater economic friends in terms of the welfare effects of their productivity growth, they
also become greater political friends in terms of their voting similarity in the UNGA. Consistent with these results,
in Columns (7)-(10), we find negative and statistically significant coefficients in all specifications, implying that as
countries become greater economic friends in terms of the welfare effects of their productivity growth, they again
become greater political friends in terms of having smaller bilateral distances from the US-led liberal order and a
lower propensity to be strategic rivals. Beneath the coefficient and standard error for each specification, we report the
first-stage F-statistic. These first-stage F-statistics take the same value across Columns (1), (3) and (5) and Columns (2),
(4) and (6), because the first-stage regression specification (welfare exposure on the instrument) and sample size is the
same across the different political attitudes measures used in the second-stage regression. Although these first-stage
F-statistics naturally fall in the specifications including importer-year and exporter-year fixed effects, they remain

well above the conventional threshold of 10.1¢

16Tn Section G.2.2 of the online appendix, we show that we find a similar pattern of results for strategic rivalries when we consider the different
types of strategic rivalry separately (spatial, positional and ideological). Therefore, this relationship between the similarity of economic and political
interests holds regardless of which of these different dimensions of strategic rivalries we consider.
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Taken together, these empirical results are consistent with the view that increased conflict of economic interests
between countries leads to heightened political tension between them. As these measures of bilateral political attitudes
are measured entirely independently of any of these quantitative trade models, they also provide an external validation
that our friends-and-enemies measures of welfare exposure are systematically related to independent measures of

countries’ attitudes towards one another.

7 Conclusions

The closing decades of the twentieth century saw large-scale changes in the relative economic size of nations, with
China’s rapid economic growth transforming it into a major trading nation. A classic question in international eco-
nomics is the implications of such economic growth for the income and welfare of trade partners. A related question
in political economy is the extent to which these large-scale changes in relative economic size necessarily involve
political tension and realignments. We provide new theory and evidence on both of these questions by developing
bilateral “friends” and “enemies” measures of countries’ income and welfare exposure to foreign productivity shocks
that can be computed using only observed trade data. We show that these measures are exact for small productivity
shocks in the leading class of international trade models characterized by a constant trade elasticity. For large produc-
tivity shocks, we characterize the quality of the approximation in terms of the properties of the observed trade data,
and show that for the magnitude of the productivity shocks implied by the observed data, our exposure measures
are almost visibly indistinguishable from the predictions of the full non-linear solution of the model. Our approach
admits a large number of extensions and generalizations, including multiple sectors, input-output linkages and eco-
nomic geography (factor mobility). Using our methods, we derive bounds for the sensitivity of countries’ exposure to
foreign productivity shocks to departures from a constant trade elasticity.

We contribute to the recent revolution in international trade of the development of quantitative trade models. A
key advantage of these quantitative models is that they are rich enough to capture first-order features of the data,
such as a gravity equation for bilateral trade, and yet remain sufficiently tractable as to be amenable to counterfactual
analysis, with a small number of structural parameters. A key challenge is that these models are highly non-linear,
which can make it difficult to understand the economic explanations for quantitative findings for particular countries
or industries. A key contribution of our bilateral friends-and-enemies measures is to allow researchers to connect
quantitative results to the key underlying economic mechanisms in the model: the cross-substitution effect, where an
increase in the competitiveness of a foreign country leads consumers in all markets to substitute away from all other
nations; a market-size effect, where an increase in income in foreign markets raises demand for all nations’ goods;
and a cost-of-living effect, where an increase in the competitiveness of a country’s goods reduces the cost of living in
all countries. As our linearization uses standard matrix inversion techniques, we find that it is around 70,000 faster
than solving the full non-linear solution of the model. Therefore, our methods are well suited to applications where
large numbers of counterfactuals are required, and facilitate comparisons of these counterfactuals across alternative
quantitative frameworks, such as our single-sector, multi-sector and input-output models.

We use our friends-and-enemies exposure measures to examine the global incidence of productivity growth in
each country on income and welfare for more than 140 countries over more than 40 years from 1970-2012 (around

one million bilateral comparative statics). We find a substantial and statistically significant increase in both the mean
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and dispersion of welfare exposure to foreign productivity growth over our sample period, consistent with increas-
ing globalization enhancing countries’ economic dependence on one another. We also observe large-scale changes in
bilateral networks of welfare exposure between nations. We find that the cross-substitution, market-size and cost-of-
living effects are all quantitatively important for the welfare impact of foreign productivity growth, and the general
equilibrium forces in this class of quantitative trade models are large relative to the partial equilibrium effects of pro-
ductivity growth. Whether we consider the single-sector, multi-sector or input-output models, we find that Chinese
productivity growth has reduced aggregate U.S. income, both relative to world GDP and other OECD countries. Nev-
ertheless, we find that Chinese productivity growth has raised aggregate U.S. welfare, highlighting the strength of the
cost-of-living effect in these quantitative trade models. Consistent with the idea that conflicting economic interests
can spawn political discord, we find that as countries become greater economic friends in terms of the welfare effects
of their productivity growth, they become greater political friends in terms of the similarity of their foreign policy

stances, as measured by United Nations voting patterns and strategic rivalries.
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A Introduction

In this section of the online appendix, we report the detailed derivations for the results reported in the paper and
further supplementary results. In Section B, we report the proofs of the propositions in the paper. In Section C,
we consider the Armington model with a general homothetic utility function in which goods are differentiated by
country of origin from Section 2 of the paper. In Section D, we examine the special case of this model that falls within
the class of models considered by Arkolakis, Costinot and Rodriguez-Clare (2012, henceforth ACR), which satisfy the

four primitive assumptions of (i) Dixit-Stiglitz preferences; (ii) one factor of production; (iii) linear cost functions;
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and (iv) perfect or monopolistic competition; as well as the three macro restrictions of (i) a constant elasticity import
demand system, (ii) a constant share of profits in income, and (iii) balanced trade, as discussed in Section 3 of the
paper. Although for convenience of exposition we focus in the paper and Section D of this online appendix on the
single-sector Armington model, in Section E we show the same income and welfare exposure measures apply for all
models in the ACR class with a constant trade elasticity. In Subsection E.1, we derive our exposure measures in a
version of the Eaton and Kortum (2002) model. In Subsection E.2, we derive these exposure measures in the Krugman
(1980) model.

In Section F, we consider a number of extensions of our baseline friend-enemies results with a constant trade
elasticity, as in Section 4 of the paper. In Subsection F.1, we derive the corresponding friend-enemy representation
allowing for both productivity and trade cost shocks. In Section F.2, we relax one of the ACR macro restrictions to
allow for trade imbalance. In Section F.3, we relax another of the ACR macro restrictions to consider small deviations
from a constant elasticity import demand system. In Section F.4, we show that our results generalize to a multi-sector
version of the constant elasticity Armington model. In Section F.5, we show that they also hold in a multi-sector
version of the Eaton and Kortum (2002) model following Costinot, Donaldson and Komunjer (2012). In Section F.6,
we further extend the multi-sector Armington model from Section F.4 to introduce input-output linkages following
Caliendo and Parro (2015). Finally, in Section F.7, we show that our results also hold for economic geography models
with factor mobility, including Helpman (1998), Redding and Sturm (2008), Allen and Arkolakis (2014), Ramondo et
al. (2016) and Redding (2016).

In Section G, we provide further details on the empirical specifications reported in the paper, as well as additional

supplementary empirical results. Section H contains the data appendix.

B Proofs of Propositions

B.1 Proof of Lemmas 1 and 3

Lemma 1 imposes trade balance, with market clearing conditions w;¢; = " sp;wn¥y,. Define ¢; = %; we can
Wil

rewrite market clearing conditionas ¢; = Y, Sni¢n, and, in matrix form, q' = q'S, proving that q is a left-eigenvector
of S with eigenvalue 1. That q’ is the unique positive left-eigenvector of S follows from Perron-Frobenius theorem.
Under free-trade, every row of S is identical, and Zn GnSni = s1; for all i. The vector [s11, $12, - , S1n] is therefore
also left-eigenvector of S with eigenvalue 1, and since its entries are all positive, it must be equal to q. Likewise,
market-clearing can also be written as w, ¢, = Y, tinw;{;, which is equivalent to, in matrix form, q' = q'T. The
remaining claims about T follow analogously.

Lemma 3 introduces trade imbalances to the market clearing conditions, with w;¢; = Zn [sm-wnﬁn + Jn] Let
q = wi&/ (>, wntly) and e; = (wi&- + Jn) / (>~,, wnty). Dividing the market clearing condition by (ZJ wj£j>,

we have ~
wzgz o wngn + dn

_wibi 5, ntn + dn
> wil > wil

Let d; = ¢;/e; and D = Diag (d). Note ' = €'D and ¢'D~! = &’; thus the market clearing condition can be

= q; :ZSMfzn — o =¢€'S.

n

re-written as

e€D=¢€S «— €& =¢e'SD!



and

qd=¢€¢8 < q =qgD!Ss.

q is therefore the unique positive left-eigenvector of D~'S with eigenvalue 1, and €’ is the unique positive left-

eigenvector of SD ! with eigenvalue one. The remaining claims about T follow analogously.

B.2 Proof of Lemma 2

Note that Z = T‘;f;rs is a row-stochastic matrix and represents a Markov chain; its eigenvector q represents the

stationary distribution of the Markov chain. Invertibility of (I — V) follows from convergence of the power series
Seo VP = 372 ((Z — Q)*, which we show now. By construction, QZ = Q and ZQ = Q. Using these two
relations, we can show by induction that (Z — Q)" = Z* — Q for any integer k > 0. That ||Z* — Q|| < ¢~ |u[*,
where 1 is the largest eigenvalue of V in terms of absolute value (and the second-largest eigenvalue of Z), follows

from standard results on Markov chains (e.g., see Rosenthal (1995)).

B.3 Proof of Proposition 3
We repeatedly apply the following approximations:

2 1o 22
ln(l—i—x)zx—m—, —1l~xInz +(nx)

2 2
In (Zpﬁ%)

Q

Zpl i 1) Cip (z; — 1))

2
2 2
~ sz (lnxl hmc,) ) ~ (Xipilnz)
2

Let = In . The hat-algebra with only TFP shocks can be written as

9 —_—
g men —5, Wwhere ¢ = w;/z
Snkck

Taking logs,
2 o
w; = In Tiny, ———
>k ki

e?
= Eh} In wn L 0
>k SnkCy,

A—0
v (i (00 )
nkCp

+

2
= Ep [wn — 0% + Es, (0] - VS"Q[@C’“]] 1 Y (o s b6i)
Er. C (W E g
= —0é + By, [i,] + Eag, [06] — TlVS; 66] , V. (@ +2 AUD)

To re-write the second-order terms explicitly as a function of the productivity shocks—thereby deriving the
Hessian—we express 0¢;, and w,, + Eg_ [0¢%] in terms of productivity shocks to first-order. To do so, note that the
first-order approximation is

W =TW + 0 (TS — I) (W — 7)



0

~ _ Y - —1 o ~
= W= 9+1(I V) (TS-I)z
where V = T%O’;‘S — Q. We can therefore rewrite
O(Ww—2) = —0 L(LV)*(TS—IHI 3
w—2z) = 1 Z
0 1 -1 -
= 0——0O- TS -1 I- I-
0 (7 TV TS DAV 1= v))z
0

- _m(I—V)_l(I—T)i

Where we have used the fact q'z = 0, which follows from CRTS and our normalization that world GDP is constant,

to drop Qz from the RHS.

We further have
WAHOS(W-7) = - AV TS-Di-S (- 1-V) ' 1-T+Q))7
041 0+1
B 6 ~1 —1 -
- m{(1 V) HTS—T)+SI-V) (1 T+Q)}z.
Further, to reduce notational clutter, let A = 03%1 I-V)'I-T)andB = 0141 {(I V) N (TS-D)+SIA-V) ' 1- T)},

y=0(w—-2%),x=w—60S (W — Z), thus
y=—-Az, x=+Bz
We can now re-write the second-order terms as (let D (x) = diag (x) denote the diagonalization operator)

]ET;, Vsn [G&k] — VT,; (’J}n + Esn [GCNk])

= EqVs, [yx] — V1, (20)

2
2
= ZEn l:z Snkylz - (Z Snkyk) :| - (Z Tinl‘i - (Z ﬂnxn> )
= yD(M+1],)y - y'S'D(T;) Sy — (x'D(T;) x - x'T'Tx)
= #ZA'D(M+1),) A% — 2/A’S'D (T,)SA% — (ZB'D (T;) Bz — # B'T/T;B3)

= 7z (A" (D(M + I),) — S'D(T;)S)A — B’ (D (T;) — T,T;)B) z.
Hence we have ¢; = ZH +,Z, where

H; = f% (AT (diag (M +1],) — S'diag (T;)S) A — BT (diag (T;) — T;T;) B).

K2

B.4 Proof of Proposition 4

Lemmad4. (I-S)A =—(I—T)B, where A = 9%?_1 I-V) 'A-T)and

S {(IfV)*l (TS—T)+S(I-V) ' (I- T)}.

Proof. By the definition of A and B:

0 “1
(I-S)A= ;== I-8)I-V) ' I-T)

1I-T)B = %(IfT){(IfV)_l(TSfI)JrS(IfV)_l(IfT)}



We have

0+1

; I-S)XI-V)'@-1)

(I-S)A+(I-T)B)

+I-T)A-V)  (TS-D)+(I-T)SA-V) ' I-T)
= I-S+(I-T)S)A-V) ' I-T)+I-T)X-V) (TS -1

= I-TS)A-V) ' I-T)+(I-T)I-V) ' (TS -1
0

= =T\

(IV)l(TSI)JrI)
<0_9H( )(I—V)_1+I>(TS—I)

- <0i1(I—TS)( V)~ 1(TS—I)+(I—TS)>
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= 0.

Proof of Proposition 4 To show that the second-order terms average to zero across countries, note

=7 (Y atly )7

_ _%z’ (A’ (d—S'dS)A — B (d — T'dT) B) 7

where d = diag (q). We next show (A/ (d—S'dS)A — B’ (d — T'dT) B) is a zero matrix. Using Lemma 1, we
have
2 (A’ (d—S'dS)A — B’ (d - T'dT) B)
= A (I-S)dI+S)A-B' (I+T)d(I-T)B
+A'(I+8)d(I-S)A-B (I-T)d(I+T)B
(the next line follows from Lemma 1)
= B (I-T)dI+S)A+B (I+T)d(I-S)A
~A'(I+S8)d(I-T)B+A I-S)d(I+T)B
= —(B'—B'T)d(A+SA)+ (B +B'T)d(A - SA)
(A’ +A’S)d(B - TB) + (A' - A’s’) d (B + BT)
— 2(B'(T'd—dS)A + A’ (dT — S'd) B)
= 0,

where the last equality follows from T'd = dS and AT = S’d (recall T;,,¢; = S,:¢, and d = diag (q)).

B.5 Proof of Proposition 5

max, i pNAX, i

The fact that Hy, is real and symmetric, 4 is the largest eigenvalue and z is the corresponding eigenvector

implies that

max,i| —

|1



B.6 Proof of Proposition 6

The fact that i is the spectral norm implies that for all z,

N 1 N
il = g (2) Z ZHya) = 5 Y

Hence |/ +; SN €2 (z) < /pA||z|%, as desired.
B.7 Proof of Proposition 10

To economize on notation welet x = dInwandy = dInz, and we derive the sensitivity of x to €, holding y fixed. Us-
ing our assumption of constant returns to scale in production, it is without loss of generality to normalize the weighted

1
0+1My,W = 0+1 (I-V) M,
x=(W+ Q)y, and (W + Q) is invertible. Differentiating and noting dV = dM (= €O), we obtain

mean of productivity shocks 'y = 0 and thus Qy = 0. Note (I - V)x = —

0
—dVx+ (1= V) dx = — =~ dMy

— dx=(I-V) 'dV(x—y)
— dx=(1-V)'dv (If(W+Q)71>x

By the Cauchy-Schwarz inequality,

ldx]| < |X=V) "M AVIIT— (W + Q) [[]1x].

ldlnw—dlnw]|

We obtain the proposition by substituting || dV|| = 9+1 e and || dx||/||x]| = lime_q Taw]

C General Armington

In this Section of the online appendix, we consider the Armington model with a general homothetic utility function
in which goods are differentiated by country of origin from Section 2 of the paper. We consider a world consisting
of many countries indexed by i,n € {1,..., N}. Each country has an exogenous supply of L,, workers, who are

endowed with one unit of labor that is supplied inelastically.

C.1 Consumer Preferences

The preferences of the representative consumer in country n are characterized by the following homothetic indirect

utility function:
Wn

Up = m, (C1)

where p,, is the vector of prices in country n of the goods produced by each country i with elements p,; = Thiw;/2;;
wy, is the income of the representative consumer in country n; and P (p,,) is a continuous and twice differentiable
function that captures the ideal price index. From Roy’s Identity, country n’s demand for the good produced by

country ¢ is:
0 (/P (pn))

O wpP (Pn) - (C.2)

Cni = Cnj (pn) = -



C.2 Expenditure Shares

Country n’s expenditure share on the good produced by country ¢ is:

Spi = PniCni (pn) — LTni (pn) . (C.3)

Zévzl PneCne (pn) Zévzl Tne (pn)

Totally differentiating this expenditure share equation, we get:

)

Qs — ]%xni (pn) Zni (Pn) [Z dank (pn)
Zl:l Tne (p’ﬂ) |:Z€ 11777F (pn):| k=1

ds,; = 1 N Oz (Pn) dp.r — Zni (Pn) i ZZ Oz, (Pn)

nh

N
Simy Tne (Po) 75 OPon [Eévzl Tne (pn)} i

dsnz iv: 8-77712 pn Pnh iv: s O, (pn) Pnn dpnn
h=1 8pnh Tni nk ’

k=1 8pnh Tnk Pnh

Pnh,

ds N N dp
ni nh
=) [Qm‘h -3 Snkgnkh] P (C4)

S
ni h—1 h—1 nh

N N
dln Sni = Z [97Lih - Z Snk07bk/L] dlnpnha

h=1 k=1
where

0 _ (637»,” (pn) pnh) Oln Tni
nih = | — = .
OPnh  Tni dlnp,n
Totally differentiating prices in equation (3) in the paper, we have:
dpni A7y dw; dz;

Pni Tni w; Zi

dlnp,; = dln7,; + dlnw; — dln z;.

C.3 Market Clearing

Market clearing implies:
N

wili =Y spitnln. (C.6)

n=1

Totally differentiating this market clearing condition, holding labor endowments constant, we have:

(i.uwz ili = Z isnz SniWrln + Z Snz wnénv

v n=1 ne n=1 Wn
dw; dw,, ds,;
wil; = E SniWnly +—,
Wy el Wn, Sni
N
de S’mwn n dwn dSr’LL
= —+ s
Wn, Sni
dw; dw,, ds,;
= § tin + )
W ne1 Wn, Sni



where we have defined t;,, as the share of country i’s income from market n:

wil;

Using our result for the derivatives of expenditure shares (C.4), we have:
N

dw; dw,

w; nz::l " < wy,

Using our results for the derivatives of prices, we have:

h=1 k=1

Wi
v n=1 h=1 k=1

which can be written as:

N
dlnw; = Ztm (dlnwn +
n=1

which corresponds to equation (8) in the paper.

N

k=1

C.4 Welfare

Totally differentiating welfare, we have:
du, = dw, (1/P (pn)) +d (1/7) (pn)) Wn,,

N
dup, = dw, (1/P (pn)) + anw 4

nisy

i1 apni
dw o~ 0(/P(pa)  dpu
dun = nwn 1/P Pn + Wn, B Pni e
N
du,  dw, 0 (1/P (pn)) dpn;
Now recall from equation (C.2) that:
9 (1/P (pn
Cni = _(/ap(p))wnp (pn) .

Using this result in our total derivative for welfare above, we obtain:

N
dun _ dwn Cni dpn'i

- DPni

Ui W i=1

N
d d dpni
Unp, o W, _ Z Sni Pni )

Un Wn, i—1 ng
which can be equivalently written as:
N
dlnu, = dlnw,, — Zsm [dlnT,; + dlnw; — dlnz],
i=1

which corresponds to equation (10) in the paper.

7

N N d
> [@nh -3 Snkenkh] pilﬂ) -

dzh
Zh

N N N
dw; dw,, d7mnn dwy,
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N
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(C.8)



D Constant Elasticity Armington

In this section of the online appendix, we report the derivations for our baseline constant elasticity of substitution
Armington model in Section 3 of the paper. This model falls within the class of of quantitative trade models considered
by Arkolakis, Costinot and Rodriguez-Clare (2012), which satisfy the three macro restrictions of (i) a constant elasticity
import demand system, (ii) profits are a constant share of income, and (iii) trade is balanced. In Section E of this
online appendix, we show that our analysis also holds for other models within this class, including those of perfect
competition and constant returns to scale with Ricardian technology differences as in Eaton and Kortum (2002), and
those of monopolistic competition and increasing returns to scale, in which goods are differentiated by firm, as in
Krugman (1980) and Melitz (2003) with an untruncated Pareto productivity distribution. The world economy consists

of many countries indexed by i,n € {1,..., N}. Each country n has an exogenous supply of labor ¢,,.

D.1 Consumer Preferences

The preferences of the representative consumer in country n are characterized by the following indirect utility func-

tion:

1—0o

N
Wn, —
Up = ?”’ Pn = [Zpil U] ) o> 17 (Dl)
=1

n
where w,, is the wage; p,, is the consumption goods price index; p,; is the price in country n of the good produced

by country ¢; and we focus on the case in which countries’ goods are substitutes (o > 1).

D.2 Production Technology

Goods are produced with labor according to a constant returns to scale production technology. These goods can be
traded between countries subject to iceberg variable costs of trade, such that 7,,; > 1 units must be shipped from
country ¢ to country n in order for one unit to arrive (where 7,,; > 1 for n # ¢ and 7,,,, = 1). Therefore, the consumer

in country n of purchasing a good ¥ from country 4 is:

ows
Pni = ——, (D.2)
Zj

where z; captures productivity in country ¢ and iceberg variable trade costs satisfy 7,,; > 1 for n # 4 and 7, = 1.

D.3 Expenditure Shares

Using the properties of the CES demand function, country n’s share of expenditure on goods produced in country ¢
is:
l1—-o
Pri
Sni = — (D.3)
ZZ 1p711m0

Totally differentiating this expenditure share equation (D.3), we get:

dd mp N 1—0o dpnhpl o
Qo= — (o —1) 2P (g )3 Pu” o P
> m—1 Pnm h=1 2um=1 Prim Y ey Prim
N  dpnn
dsp; dpni Spakpl
Sni _ (U _ 1) Pni + (0_ _ 1) Z DPnh nh
Sni DPni he1 Zm 1 pnm



N
dsp; dpni dpnh
=—(c—-1)—+(c—1 Snh ,
Sni ( ) DPni ( ) hgl DPnh
N
ot (c—1) Z Snh Pon P ) (D.4)
Sni he1 DPnh Pni

h=1

N
dh’lSnz’ = (0' - 1) (Z Snh dlnpnh - dlnpnl) )

where, from the definition of p,,; in equation (D.2) above, we have:

dpn; _ A7 n dw; _ dzi7 (D5)
Pni Tni w; Z

dlnp,; = dln7,; + dlnw; — dln z;.

D.4 Price Indices

Totally differentiating the consumption goods price index in equation (D.1), we have:

N4 =
p p
dpn = Z L nml e [Z pnm ‘| ’

m=1 Prm h=1Pnhn

m=1

N _
dpy, _ dpnm pwleJ

N 1—0o
Pn 1 Prm 3 P

d n d nm
P Z Sm (D.6)

pTL m=1 pn’fﬂ

N
dlnp, = Z Spm d 1N P,
m=1

D.5 Market Clearing

Market clearing requires that income in each country equals expenditure on the goods produced in that country:

N
wili = Sniwnln. (D.7)
n=1

Totally differentiating this market clearing condition (D.7), holding labor endowments constant, we have:

Civwz ili = Z oni b +anz dw”wnﬁm

7 nlsni W,

dw; dw dsp;
Zwlﬁ —anzwnn< =+ m)
ne1 W, Sni
N
dwz _ Z Snzwn n dwn + dsni
Wn, Sni )

Using our result for the derivative of expenditure shares in equation (D.4) above, we can rewrite this as:

N
j : Snlwn n dwn 2 : dpnh dpnz
- " = — 1 T
wil; ( w +lo-1) ( Snh )) ’

n=1 n h=1 Pnh DPni
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N
dw; dw d dpp;
- Zm( S+ (o—1) <anh Dk p"))
w; n—1 Wn, heN Pnh DPni
N N
dlnw; = Ztm (dlnwn +(oc—1) (Z SpndInppp — dlnpm->> , (D.8)
n=1 h=1
where we have defined ¢;,, as the share of country ¢’s income derived from market n
o Sniwnen
D.6 Utility Again
Returning to our expression for indirect utility, we have:
upy = 2 (D.9)
Pn
Totally differentiating indirect utility (D.9), we have:
dw, dpn
du,, = %~ Wn _ _Pn Wn :
Pn DPn

du,, dw,, dpn,

Un Wn, Pn

Using our total derivative of the sectoral price index in equation (D.6) above, we get:

N
du, dw,, dpnm

= — S , D.10
w o, E nm (D.10)

N
dlnu,, = dlnw,, — Z Spm A 1N Py

m=1

D.7 Wages and Productivity Shocks

We consider small productivity shocks, holding constant bilateral trade costs:

dln7,; =0, Vn,ieN. (D.11)

We start with our expression for the log change in wages from equation (D.8) above:

N

N
dlnw; = Ztm (dlnwn+ (c-1) (anhdlnpnh - dlnpm)) ,

n=1 h=1

Using the total derivative of prices (D.5) and our assumption of constant bilateral trade costs (D.11), we can write this
expression for the log change in wages as:
N

N
dlnw; = Ztm (dlnwn+ (c-1) (anh[dlnwh —dlnz) — [dInw; — dlnzi]>> ,
n=1

h=1

N N
dlnw; = Ztmdlnwn +(c—-1) tin (Z Sph [dInwy, — dlnzp) — [dInw; — dlnzi]> ,
n=1 h=1

N N

dlnw; = Ztmdlnwn+ (c—1) (

n=1 h

M= i M=

1n=1

tinSnn [dInw, — dlnzp] — [dInw; — dln zz]> , (D.12)
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which can be re-written as:

N N
dlnw,; = Ztmdlnwn—k (c—-1) (me[dlnwn — dlnzn]) ,
n=1

n=1

N
Min = Ztihshn - ]-n:iv
h=1
which has the following matrix representation in the paper:
dlnw =Tdlnw +6M (dlnw — dlnz), (D.13)

0=0—1.

We solve for our friend-enemy income exposure measure by matrix inversion. Dividing both sides of equation (D.13)
by 6 + 1, we have:
1 1 0
——dlnw=—-Tdlnw + mM(dan — dlnz),

0+1 0+1
L(IfoHM) dlnwffLMdlnz
0+1 C0+1 '
Now using M = T'S — I, we have:
L(I—T—QTS—i—@I) dlnw——LMdlnz
0+1 0+1 ’
T + 0TS 0
- 1 = .
(I 1 )dnw 0+11\/Idlnz
Using our choice of world GDP as numeraire, which implies Q d Inw = 0, we have:
T 4+ 0TS 0
I- —— 1 =———Mdl
( 1 —I—Q)dnw 1 dIlnz,

which can be re-written as:

(I-V)dlnw= —%Mdlnz,

T + 0TS
0+1

\% _Q7

which yields the following solution of the change in wages in response to a productivity shock:

dmw=—§%1a—vy4Mdm@

which can be re-written as:

dinw =Wdlng,

where W is our friend-enemy income exposure measure:

W=-———(1I-V)'M. (D.14)
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D.8 Welfare and Productivity Shocks

From equation (D.10), the log change in utility is given by:

N
dnu, = dlnw,, — Z Snm d 1IN P,

m=1
Using the total derivative of prices (D.5) and our assumption of constant bilateral trade costs (D.11), we can write this

log change in utility as:
N

dlnu, = dlnw, = Y spm [dInwy, — dlnzy,], (D.15)

m=1

which has the following matrix representation in the paper:
dlnu=dlnw —S(dlnw — dlnz). (D.16)
We can re-write the above relationship as:
dlnu=(I-S)dlnw+ Sdlnz,
which using our solution for dln w from above, can be further re-written as:
dlnu=(I-S)Wdlnz+Sdlnz,

dlnu=[(I-S)W + S] dlnz,
dlnu=UdlIng,

where U is our friend-enemy welfare exposure measure:
U=[I-S)W+S]. (D.17)

D.9 Market-size and Cross-Substitution Effects

We define the cross-substitution effect as the wage vector that solves equation (D.13) replacing the term T d In w with
Qdlnw:
dlnw*® = Qdlnw*™ +6-M (dlnw™ — dlnz),

where we use the superscript Sub to indicate the cross-substitution effect.
We solve for our friend-enemy measure of income exposure due to the cross-substitution effect using matrix

inversion. Dividing both sides of the above equation by § + 1, we have:

1 1
L gmw = L Qdmwt M (dlnw* — dInz),

0+1 0+1 0+1
! (I-Q—6M) dlnw® b Mal
E— — — nw = —— nz.
0+1 0+1
Now using M = T'S — I, we have:
L(I—Q-@Tswl)dlan“b——LMdlnz
0+1 0+ ’
Q +6TS sub 0
I-= """ )dhw'=—-——"_Mdlnz.
( 1 dlnw 1 dlnz
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Using our choice of world GDP as numeraire, which implies Q dwS® = 0, we have:
Q+ 0TS Sub 0
I-— 1 W= Mdl
( i1 +Q)dnw 1 dlnz,
0Q + 0TS Sub 0
I-—— 1 W - Mdlnz.
( 1 )dnw 1 dlnz
Now using M = TS — I, we have:
QM 0 ) st — - M,
0+ 1 0+1 0+1
I 0Q+MM) hwst - — % Mdmg,
0+1 0+1 0+ 1

(I-(0Q+6M)) dinws™ = M dInz,

which yields the following solution of the change in wages in response to a productivity shock:
dInw’® = —0 (I — (0Q 4+ 6M)) ' MdInz,

which can be re-written as:

dlInws = WS d1n z,

where W5 is our friend-enemy measure of income exposure due to the cross-substitution effect:
WS = _g(I— (Q +6M))"' M.

D.10 Relationship to the ACR Gains from Trade Formula

From equation (D.10), the log change in utility is given by:

N
dlnu, = dlnw,, — Z Snm d 1N Prpr, - (D.18)

m=1
Choosing country n’s wage as the numeraire and assuming no changes in its productivity or domestic trade costs, we
have:

dlnw, =0, dlnz,=0, dln7t,, =0, dlnp,,=0.
The import demand system in equation (D.3) implies:
dln sy — dInsy, = — (0 —1) (dInppm — dlnpy,,) .

Using this result in equation (D.18), the log change in welfare can be written as:

N
dlnwu,, = Z Snm ( dIn s, — dln Snn)

(0 —1)

m=1
Using Zzzl Spm = land Z:X=1 dsym = 0, we obtain the ACR welfare gains from trade formula for small changes:

dlny, = — 35 (D.19)
oc—1

Integrating both sides of equation (D.19), we get:

1

1
Un du, Sun dspn
= (J - 1) )
uf Unp sO Snn

nn
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uy, St
%g)“’l”n(sgn)’
Y _ ()Y
@g)‘(%) ’ (5.20)

which corresponds to the ACR welfare gains from trade formula for large changes.

E Single-Sector Isomorphisms

While for convenience of exposition we focus on the single-sector Armington model in the paper, we obtain the same
income and welfare exposure measures for all models in the ACR class with a constant trade elasticity. In Subsection
E.1, we derive our exposure measures in a version of the Eaton and Kortum (2002) model. In Subsection E.2, we derive
these measures in the Krugman (1980) model.

The Armington model in the paper and the Eaton and Kortum (2002) model assume perfect competition and con-
stant returns to scale, whereas the Krugman (1980) model assumes monopolistic competition and increasing returns
to scale. In the Eaton and Kortum (2002) model, the trade elasticity corresponds to the Fréchet shape parameter. In
contrast, in the Armington model and the Krugman (1980) model, the trade elasticity corresponds to the elasticity of
substitution between varieties. Nevertheless, our income and welfare exposure measures hold across all three models,
because they all feature a constant trade elasticity.

In Subsection E.2, we focus on the representative firm Krugman (1980) model of monopolistic competition for
simplicity, but our income and welfare exposure measures also hold in the heterogeneous firm model of Melitz (2003)
with an untruncated Pareto productivity distribution. In Subsection E.2, we also show that our income and welfare
exposure measures with monopolistic competition and increasing returns to scale take a similar form whether we

consider shocks to the variable or fixed components of production costs.

E.1 Eaton and Kortum (2002)

We consider a version of Eaton and Kortum (2002) with labor as the sole factor of production. Trade arises because
of Ricardian technology differences; production technologies are constant returns to scale; and markets are perfectly
competitive. The world economy consists of a set of countries indexed by i,n € {1,..., N}. Each country n has an

exogenous supply of labor ¢,,.
E.1.1 Consumer Preferences

The preferences of the representative consumer in country n are characterized by the following indirect utility func-
tion:
w
Un = Ja (El)
Dn

where w,, is the wage and p,, is the consumption goods price index, which is defined over consumption of a fixed

continuum of goods according to the constant elasticity of substitution (CES) functional form:

1 s
D = [/ pn ()77 cm] , o> 1, (E.2)
0

where p,, () denotes the price of good ¥ in country n.

15



E.1.2 Production Technology

Goods are produced with labor according to a constant returns to scale production technology. These goods can be
traded between countries subject to iceberg variable costs of trade, such that 7,,; > 1 units must be shipped from
country 4 to country n in order for one unit to arrive (where 7,,; > 1 for n # i and 7,,,, = 1). Therefore, the price for

consumers in country n of purchasing a good 1J from country i is:

TniW;

pui () = 205, (€3)

where z; captures common determinants of productivity across goods within country ¢ and a; (¢) captures idiosyn-
cratic determinants of productivity for each good ¢ within that country. Iceberg variable trade costs satisfy 7,,; > 1
for n # ¢ and 7,,, = 1. Productivity for each good ¥ in each sector k and each country 7 is drawn independently from
the following Fréchet distribution:

F;(a) = exp (—a_a) , 0>1, (E.4)

where we normalize the Fréchet scale parameter to one, because it enters the model isomorphically to z;.
E.1.3 Expenditure Shares
Using the properties of this Fréchet distribution, country n’s share of expenditure on goods produced in country 1 is:

) —6
— (Tniwi/2i) - N(Pm‘) E5)

2im=1 (TnmWm/Zm) - D me1 (pnm)_e7

where we have defined the following price inclusive of trade costs term:

TniW;
pri = L (E-6)
Zq

Totally differentiating this expenditure share equation (E.5) we get:

dpni — - dpun -0
0522 (pni) N n) 0522 (pan)

22:1 (an)70 i h=1 Zzzl (an)ﬂg Zgzl (an)ie,

dsp; = —

1pnn -0
i g dpmi | XN: 05 (pan)
= ‘ —,
Sni Pri 35 22:1 (Prm)

N
DSni _ _QL, + Z thgﬂ’

Sni Pni h—1 Pnh
dsni Y4 dppi

ni _ 9 Z Snh Pnh _ Pni 7 (E7)
Sni h Pnh Pri

=1
N
dlns,; =0 (Z SppdInp,, — dln pm’) s

h=1
where, from the definition of p,,; in equation (E.6) above, we have:

= + — , (E.8)
Pni Tni w; Zj

dlnp,; = dln7,; + dlnw; — dlnz;.
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E.1.4 Price Indices

Using the properties of the Fréchet distribution (E.4), the consumption goods price index is given by:

N _
Pn =7 [Z (an)el ) (E.9)

=

m=1

0+1—0\|T~
—|r(Z2 =7
= (50)]

and I'(+) is the Gamma function. Totally differentiating this price index (E.9), we have:

where

- 1
N N 0

—6

N —0
me=1 Pnm Zh:l (pnh) Lm=1

N —
dpn . Z dpnm (an) o
- N —6°
pn m=1 pnm Zh:l (pnh)

N
dpn _ 3 Sum dprm (E.10)

Dn nm

m=1

N
dlnp, = Z Snm A 10 P, .
m=1

E.1.5 Market Clearing

Market clearing requires that income in each country equals expenditure on goods produced in that country:

N
wil; = Z SniWnln- (E.11)
n=1

Totally differentiating this market clearing condition (E.11), holding labor endowments constant, we have:

dw; N dsy, ol dw
Zwigi = Z o snzwngn + Z Snzanngna

Wy

n=1 ni n=1 n
N
dw; dw,, ds,;
wil; = E SniWnly + )
w; n—1 Wn, Sni
N
dw; Z SniWnln (dwn N dsm>
wi 1 wil; Wn, Sni

Using our result for the derivative of expenditure shares in equation (E.7) above, we can rewrite this as:

N N
=y it 03 sun L= S
w; Z wil; < w,, + (Zs h

n—1 h=1 Pnh Pni
dw; & dw d d
i Z tin n +0 Z s Pnh Pni 7
w; ne1l Wn, heN Pnh Pni
N N
dlnw; = Z tin (dlnwn + 6 (Z SphdIn ppp, — dlnpm)) , (E.12)
n=1 h=1
where we have defined ¢;,, as country n’s expenditure on country ¢ as a share of country 4’s income:
o SniWnln
imn = wlgl .

17



E.1.6 Utility Again

Returning to our expression for indirect utility, we have:

w
Uy = —. (E.13)
Dn
Totally differentiating indirect utility (E.13), we have:
dwy, dpn
dun = wuib Wn _ Pn wn,
Dn Pn
du,  dw, dp,
Un wTL pﬂ, '

Using our total derivative of the sectoral price index in equation (E.10) above, we get:

N
duy, _ dwy, _ Z s dpnm (E.14)
up  wn = '
N
dlnu, = dlnw,, — Z Snm d 10 prpm,.
m=1

E.1.7 Wages and Common Productivity Shocks
We consider small productivity shocks, holding constant bilateral trade costs:
dlnr,; =0, Vn,i€ N. (E.15)

We start with our expression for the log change in wages from equation (E.12) above:

N N
dlnw; = Ztm (dlnwn—i—ﬁ <Z$nhdlnpnh — dlnpm->> ,

n=1 h=1
Using the total derivative of the price term (E.8) and our assumption of constant bilateral trade costs (E.15), we can

write this expression for the log change in wages as:

N N
dlnw; = Ztm (dlnwn+9 (Z Spp (dInwy, — dlnzy) — (dlnw; — dlnz,))) ,
n=1

h=1

N N N
dlnw; = Ztmdlnw"Jr@ tin (anh(dlnwh —dlnzy) — (dlnw; — dlnzﬂ) ,
n=1 n=1

= h=1
N N N
dlnw; = Ztmdlnwn +0 (Z Ztmsnh (dlnw, — dlnzp) — (dlnw; — dlnzﬁ) . (E.16)
n=1 heN n=1

which can be re-written as:

N N
dlnw; = Ztmdlnwn + (-1 (Z My, [dInw,, — dlnzn]> ,
n=1

n=1

N
Min = Z tinShn — ln=i,
h=1
which has the same matrix representation as in equation (15) in the paper:
dlnw =Tdlnw +6M (dlnw — dlnz), (E.17)

0=0—1.

18



E.1.8 Utility and Common Productivity Shocks

From equation (E.14), the log change in utility is given by:

N
dlnu, = dlnw,, — Z Snm d 10 prpm,

m=1
Using the total derivative of the price term (E.8) and our assumption of constant bilateral trade costs (E.15), we can
write this log change in utility as:

N
dlnu, = dlnw,, — Z Spm [dInwy, — dlnz,y,],

m=1

which has the same matrix representation as in equation (19) in the paper:
dlnu=dlnw —-S(dlnw — dlnz). (E.18)

E.2 Krugman (1980)

We consider a version of Krugman (1980) with labor as the sole factor of production, in which markets are monopolis-
tically competitive, and trade arises from love of variety and increasing returns to scale. The world economy consists

of a set of countries indexed by é,n € {1,..., N}. Each country n has an exogenous supply of labor ¢,,.
E.2.1 Consumer Preferences

The preferences of the representative consumer in country n are characterized by the following indirect utility func-

tion:

1—0o

Wnp, o Mi l—0o ;.
0

i=1
where wy, is the wage; p,, is the consumption goods price index; p,,; (j) is the price in country n of a variety j produced

in country i; M; is the endogenous mass of varieties; and varieties are substitutes (o > 1).
E.2.2 Production Technology

Varieties are produced under conditions of monopolistic competition and increasing returns to scale. To produce a
variety, a firm must incur a fixed cost of F' units of labor and a constant variable cost in terms of labor that depends
on a location’s productivity z;. Therefore the total amount of labor (/; (§)) required to produce z; (j) units of variety
7 in location 7 is:

L) = Fy+ S (E.20)

7

Varieties can be traded between countries subject to iceberg variable costs of trade, such that 7,,; > 1 units must be
shipped from country i to country n in order for one unit to arrive (where 7,,; > 1 for n # ¢ and 7,,,, = 1). Profit

maximization and zero profits imply that equilibrium prices are a constant markup over marginal cost:

) o TriW;

Pni () = <) Pris pni = =, (E.21)
o—1 Z;

and equilibrium employment for each variety is equal to a constant:

Li(j)=1=(c—1)F,. (E.22)
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Given this constant equilibrium employment for each variety, labor market clearing implies that the total mass of

varieties supplied by each country is proportional to its labor endowment:

4
M,; = . E.23
oF, (E.23)

From the definition of p,; in equation (E.21) above, we have:

Pni Tni w; z

(E.24)

dlnp,; = dln7,; + dlnw; — dlnz;.

Totally differentiating in the labor market clearing condition (E.23), holding country endowments constant, we have:
dM; _ dF
M; F

(E.25)

E.2.3 Expenditure Shares

Using the symmetry of equilibrium prices and the properties of the CES demand function, country n’s share of ex-

penditure on goods produced in country ¢ is:
Mi 1‘—0’ g F 1—0’

Sni = =

N - N
Zmzl Mmpnm Zm:l ( m/Fm) an
Totally differentiating this expenditure share equation (E.26) we get:

LB T ] Z S [ (r-1 =), (E.27)
N
dlnsy; = —[dInF + (0 = 1) dInpp] + Y spn [dInFy + (0 — 1) dIn ) .
h=1
E.2.4 Price Indices
Using the symmetry of equilibrium prices, the price index (E.19) can be re-written as:
=
= [
Totally differentiating this price index, we have:
1
N l1—0o N 1=
1 dM1 dpni sz i 1—
= 30 [ S ) M [ZM ,
o ll-o M, Pri | 302 Mapay” [

N l-0o
E +
p”L

i=1 l-0o Ml Pni Zh 1pnh

N
dp,, 1 dM;  dpn
p_E:SmL_ 4 dp }7

Dn P o M; DPni
which using the equilibrium pricing rule (E.21) and the labor market clearing condition (E.23) can be written as:
d 1 dF; dpn
D Z Sni |:_ _ + pp w:| ) (E.28)

N
1
dlnp, = E Sni {1dlnFi + dlnpm} .
o —

i=1

20



E.2.5 Market Clearing

Market clearing requires that income in each country equals expenditure on goods produced in that country:

wili = Spiwnly. (E.29)

Totally differentiating this market clearing condition (E.29), holding labor endowments constant, we have:

dw; N ds
W : wil; = Z Sni SniWnly + Z Snz wngnv

K3 n=1 Snl n=1 ’ﬂ
dw; dw dsp;
szﬁ _Zsmwnn< n+m),
Wn, Sni
n=1
dw N spiw dw dsn;
Z_annn( n+ nz>.
Wn, Sni
Using our result for the derivative of expenditure shares in equation (E.27) above, we can rewrite this as:
N dw" + ZN dF, _ dF;
dwi o Sniwngn h=1 Snh Fy F;
;o i dpnn _ dpns ’
Wi n=1 wili (U -1) (Eh 1 8nh pih’ - pL)
dw, dF dF;
e XN:t w, Tt (ZhEN SnhF," T-)
. in dpun _ dpni ’
wi T\ o= 1) (S san s — o)
N dinw, + (S0, sondIn F — dIn F)
dIn w; = Z tin " 1\?71 " ' (E.30)
1 +(c—-1) (thl SppdIn ppp — dln pm->
where we have defined ¢, as the share of country ¢’s income derived from market n:
o Sniwngn
in = wz€1
E.2.6 Utility Again
Returning to our expression for indirect utility, we have:
w
Up = —=. (E.31)
Pn
Totally differentiating indirect utility (E.31), we have:
dwy, dpn
dun = Wn Wn N n’
Pn Pn
du, dw, dp,
Up  Wp  Pn
Using our total derivative of the sectoral price index in equation (E.28) above, we get:
du,  dw, & 1 dF,  dpw
n_ 20 an { Ly m}, (E.32)
Un, wn A= 1 F; Pni
al 1
dlnu, = dlnw,, — Z Snm {dlnFi + dlnpm} .
= oc—1
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E.2.7 Wages and Productivity Shocks
We consider small shocks to productivity, holding constant bilateral trade costs and fixed costs:

dlnt,; =0, dInF; =0, Vn,i€ N. (E.33)
We start with our expression for the log change in wages from equation (E.30) above:

N
n=1

dinw, + (00 sundin Fy — din Fy)
+ (U - 1) (Zthl Snh dIn Pnh — dIn pnz)

Using the total derivative of the price term (E.24) and our assumptions of constant bilateral trade costs and constant

fixed costs (E.33), we can write this expression for the log change in wages as:

N N
dlnw; = Ztm (dlnwn+ (c-1) (anh[dlnwh —dlnzy) — [dInw; — dlnzi]>> ,

n=1 h=1

N
dlnw; = Ztmdlnwn (c —1) Ztm (Z Spp [dInwy, — dlnzp] — [dlnw; — dlnz,;]) ,

=1 h=1
N N N
dlnw; = Ztmdlnwn—k(o— 1) (ZZ inSnh [dInwy, — dlnz,] — [dInw; — dlan) , (E.34)

h=1n=1

which can be re-written as:

N N
dlnw; = Ztmdlnwn—l—(a— 1) (me[dlnwn - dlnzn]> ,
n=1

n=1
N
Min = Ztihshn - 1n:i7

h=1

which has the same matrix representation as in equation (15) in the paper:
dlnw =Tdlnw +6M (dlnw — dlnz), (E.35)

0=0—-1
E.2.8 Welfare and Productivity Shocks
From equation (E.32), the log change in utility is given by:

N
1
dlnu, = dlnw,, — E Sni {1dlnFi+ dlnp,; |,
o —
i=1

Using the total derivative of the price term (E.24) and our assumptions of constant bilateral trade costs and constant

fixed costs (E.33), we can write this log change in utility as:

N
dlnu, = dlnwn—ZSni[dlnwi— dlnz], (E.36)

i=1

which has the same matrix representation as in equation (19) in the paper:

dlnu=dlnw—-S(dlnw — dlnz). (E.37)
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E.2.9 Wages and Fixed Cost Shocks

We next consider small shocks to fixed costs, holding constant bilateral trade costs and productivity:
dInTt,; =0, dlnz; =0, Vn,t € N. (E.38)

We start with our expression for the log change in wages from equation (E.30) above:

N dlnw, + (E;V:l $ondInF) — dIn F)

dlnwi = Ztln

N
n=1 + (G - 1) (Zh:1 Spp dIn Pnh — dln pni)
Using the total derivative of the price term (E.24) and our assumptions of constant bilateral trade costs and constant

productivity (E.38), we can write this expression for the log change in wages as:

N
dln w; = Z tin
n=1

dInwy + (Efzvzl sppdInFy — dIn F;
+ (U - 1) (Zthl Sprdlnwy, — dlnw;

| S0 tin AT, + 0 tin (S0 sandln By — dInFy) |
dlnw; = N N ,
+(o—-1)> 1 tin (thl SppdInwy, — dln wl)
[ SNt dinw, + (ZL tin SN sppdIn Fy — dln F) 7
dln w; = N N 5 (E.39)
+(oc—1) (Zh:l Yoy tinspp dInwy — dln wz-)
which can be re-written as:
dlnw; = Z tin dlnw, + Z mipdIn F,, + (0 — 1) <Z mmdlnwn> ,
n=1 n=1
N
Min = Ztihshn = n=i,
h=1
which has a similar matrix representation to that for productivity shocks above:
1
dlnw:lenw—l—Hl\/I(dlnw—i—adlnF), (E.40)

0=0—1.
E.2.10 Welfare and Fixed Cost Shocks

From equation (E.32), the log change in utility is given by:

N
1
dlnu, = dlnw, — 25 L—l dln F; + dlnpm] ,
i
Using the total derivative of the price term (E.24) and our assumptions of constant bilateral trade costs and constant

productivity (E.38), we can write this log change in utility as:

N
1
dlnu, = dlnw, =Y sp; [dlnFi—i—dlnwi}, (E.41)
| oc—1
which has a similar matrix representation to that for productivity shocks above:

dlnu:dlnw—S(dlnw—&—;dlnF). (E.42)

0=0—1.
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F Extensions

In Subsection F.1, we derive the corresponding friend-enemy matrix representations with both productivity and trade
cost shocks, as discussed in Section 4.1 of the paper. In Section F.2, we relax one of the ACR macro restrictions to
allow for trade imbalance, as discussed in Section 4.2 of the paper. In Section F.3, we relax another of the ACR macro
restrictions to consider small deviations from a constant elasticity import demand system, as discussed in Section 4.3
of the paper. In Section F.4, we show that our results generalize to a multi-sector Armington model with a single
constant trade elasticity, as discussed in Section 4.4 of the paper. In Section F.5, we show that our results also hold
in a multi-sector version of the Eaton and Kortum (2002) model following Costinot, Donaldson and Komunjer (2012).
In Section F.6, we further extend the multi-sector specification to introduce input-output linkages following Caliendo
and Parro (2015), as discussed in Section 4.5 of the paper. Finally, in Section F.7, we show that our results also hold
for economic geography models with factor mobility, including Helpman (1998), Redding and Sturm (2008), Allen and
Arkolakis (2014), Ramondo et al. (2016), and Redding (2016), as discussed in Section 4.6 of the paper.

F.1 Trade Cost Reductions

We now show that we obtain similar results incorporating trade cost reductions. We start with our expression for the

log change in wages from equation (D.8) above:

N N
dnw; = Ztm <dlnwn+ (c—1) (anhdlnpnh - dlnpm->> ,

n=1 h=1

which can be re-written as follows:

dlnw: — ﬁ:t dInw, + (o — 1) Zf:le Snp [dInwy, + dlnT,, — dln 2]
1_n—1 R " —[dlnw; + dInT,; — dIn 2] ’

N N N
Inw: = 41 1 . Zh:l Spp [dInwy, + dln7,, — dln zy)
d nw; T;tznd D'UJn+(U );tzn< *[dlll’(l}iﬁ“ dh’l’rni* leZZ] )

N N N
dlnw, = Ztmdlnwn t(o—1) Y et Z?\le tinSnh [dInwy, + dlnT,, — dln zp]
—~ — Y e tin [dInw; + dIn7,; — dln z)

We now define inward and outward measures of trade costs as:

dln Trizn = anidlnTni7 (Fl)
dIn7P" = "t dIn 7. (F.2)

Using these definitions of inward and outward trade costs, we can rewrite the above proportional change in wages as

follows:

N N e
- _ 1 tinsnp [dInwy, — dInzp] — [dInw; — dln z)

dlnw; =) tidlnw, [ 2h=1 20 h : o

o ; i (o )( + 3Nt dingin - dlnrout > (E3)

which can be re-written as:

N N
_ My |dInw,, — dln z,
dlnwi:ztmdlnwn+<ail) ( ‘5‘22“:7\,1 t; [dlnTi“— dlnTO11t )’
n=1 lin n i

n=1
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N
Min = ZtihShn - 1n:i7
h=1
which has the following matrix representation from equation (31) in the paper:
dlnw=Tdlnw+6 [M(dlnw — dlnz) + Tdln7® — dln7o"], (E.4)

0=0—1.

We next consider our expression for the log change in utility from equation (D.10) above:

N
dlnu, = dlnw,, — Z Snm d 1N P,

m=1
which can be re-written as follows:

N
dlnu,, = dlnw,, — Z Spm [dInwy, + dIn T, — dlnz,,] .

m=1

Using our definition of inward trade costs from equation (F.1), we can re-write this proportional change in welfare as:

N
dlnu, = dlnw,, — Z Snm (dlnw,, — dlnz,,) — dlnT;n,

m=1

which has the following matrix representation from equation (32) in the paper:
dlnu= dlnw — S(dlnw — dlnz) + dIn7™. (E5)

F.2 Trade Imbalance

In this section of the online appendix, we relax another of the ACR macro restrictions to allow for trade imbalance.
In particular, we consider the constant elasticity Armington model from Section 3 of the paper, but allow expenditure

to differ from income.

F.2.1 Preferences and Expenditure Shares

We measure the instantaneous welfare of the representative agent as the real value of expenditure:

1—0o

= N

wply +d _

Up = M7 Pn = Zp'}” 7 ) o> 1a (F6)
Pn i=1

where d,, is the nominal trade deficit. Expenditure shares take the same form as in equation (12) in Section 3 of the

paper.

F.2.2 Market Clearing

Market clearing requires that income in each location equals expenditure on goods produced in that location:

N
wili = s (Wl + dn] . (F.7)

n=1
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Totally differentiating this market clearing condition, holding labor endowments constant, we have:

dw; N dsn;
'Lgl - Snl "’LE + d STL’L TLE + Snl 7 ’n/7
AW ICUSEARD W RS % &
N N 7
d ni d n = d ni d
= 2:: SniWnln < Si,z + urii ) + ;Sni n < Siz T
N N 7 7
_ Wy hly dSm dy, dsy; dd,
- z:: Sm wrbgn + d”) (wnfn + d_n) ( Sni ) z:: e wnﬁn + d ) (wnfn + Jn) < Sni * CZn
N

dwZ zN: wnﬁ +d, ) Wyl ( dspi N dwn>+z Sni (wnfn + Czn) d, < dspn; N ddn>
(wnfn + Czn) Sni Wn, wil; (wngn + CZn) 1 7

n=1

dw; dsm dw,, ds,; dd,
- tznd tzn 1 - 5 |
3 i (220 ) 3 g (e )

ni ni
n=1 n=1

n=1

where we have defined t;,, as the share of country i’s income from market n:

tin =
and d,, as country n’s ratio of income to expenditure:
Wnln,
dp = ———.
wnen + dn

Using our result for the derivative of expenditure shares above, we can rewrite this as:

N N
= 2 tindn | E o= ) s Dok _ Pul (F3)
n=1 h=1 Dnh Pni
N 7 N
— +(oc—1 Sn - — .
g ( dn ( ) (; " Pnh Pni
We can re-write this expression as:
N N N
dlnw; =Y tin <dnd1nwn +(c—1) (Z Snn dIN Py — dlnpm->> + ) tin (1—dy) dInd,.
n=1 h=1 n=1

F.2.3 Welfare

Returning to our expression for welfare (F.6), we have:

_wply + dy,

Up =
DPn

Totally differentiating welfare, holding labor endowments constant, we have:

dw, dd,, 7 d 7
J,L:l wnLn + Jnn dn pI:]n [wngn +dn:|

dun = - - )
Dn Pn
du,  wpl, dw, d,, dd, dp,
Un  wWply +dp, W Wpky +dy dy Pn
dw,, dd,, dp,
=d 1—-d —— .
" Wn, i ( n) d, Dn
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Using the total derivative of the sectoral price index, we get:

< N
= dni 1- dn = nm ) F.9
Up wn+( )dn ZS Dnm ()
m=1
which can be re-written as: v
dlnu, = d, dInw, + (1= dy) dlndy — Y SpmdInprm.
m=1

F.2.4 Wages and Productivity Shocks

We consider small productivity shocks, holding constant bilateral trade costs:

dlnt,;, =0, Vn,i€N, (F.10)
and we assume that trade deficits remain constant in terms of our numeraire of world GDP:
dlnd, =0.
Under these assumptions, the change in prices is:
dlnp,; = dlnw; — dln z;.
We start with our expression for the log change in wages in equation (F.8) above. With constant trade deficits
(dIlnd, = 0), this expression simplifies to:

N N
dlnw; = Y tin <dndlnwn+ (0 —1) <anhdlnpnh — dlnpm->> .

n=1 h=1
Using the total derivative of prices and our assumption of constant bilateral trade costs (F.10), this further simplifies

to:

N N
dlnw; = Ztm (dndlnwn+ (0 —1) <anh[dlnwh — dlnzy) — [dlnw; — dlnzﬂ)) ,

n=1 h=1
N N N
dlnw; =Y dutin dInw, + (0 — 1) (Z > tinsan [dInwy, — dInzy] — [dInw; — dIn zﬂ) . (F.11)
n=1 h=1n=1

N N
dlnw; = Zdntmdlnwn—l—(a— 1) (me[dlnwn — dlnzn]> ,

n=1 n=1
N
Min = Z tinShn — ln=i,
h=1

which has the following matrix representation:

dlnw =TDdlnw + M (dlnw — dlnz), (F.12)
0=0-1
where the matrices T and M are defined in Section D of this online appendix. The diagonal matrix D captures trade

deficits through the ratio of income to expenditure

do 0 0 0
0 d 0 0
D = ’ ’ dn = wnen 7
0O 0 . 0 wply + dp
0 0 0 dy
NXN
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F.2.5 Welfare and Productivity Shocks

We start with our expression for the log change in welfare in equation (F.9) above. With constant trade deficits

(dInd, = 0), this simplifies to:

N
dlnu, =d,dnw, — Z Spm d 1N Py,
m=1

Using the total derivative of prices and our assumption of constant bilateral trade costs (F.10), we can write this

proportional change in utility as:

N
dlnu, =d,dnw, — anm(dlnwm—dlnzm), (F.13)
m=1
which has the following matrix representation:
dlnu=Ddlnw —S(dlnw — dlnz), (F.14)

where the matrix S is defined in Section D of this online appendix and the diagonal matrix D is defined in the previous

subsection of this online appendix.

F.3 Deviations from Constant Elasticity Import Demand

In this section of the online appendix, we consider the generalization of the constant elasticity Armington model in
the previous section to incorporate small deviations from a constant elasticity import demand system, as discussed in

Section 4.3 of the paper.
F.3.1 Expenditure Shares

We start from the total derivative for expenditure shares in the Armington model with a general homothetic con-

sumption goods price index in equation (C.4) in Section C of this online appendix, as reproduced below:

N N
dsp; dpnh
= Z Onin — Z SnkOnkn ) (F.15)
h=1 k Pnh

Sni —1

where 6,,;, is the elasticity of expenditure in country n on the good produced by country ¢ with respect to the price

of the good produced by country h. In the special case of a constant elasticity import demand, we have:

Gin = 4 Crn = D@ —1) dfi=h (F.16)
Snn (0 —1) otherwise

Using this result in equation (F.15), we obtain the total derivative for expenditure shares with a constant elasticity

import demand system in equation (D.4) in Section D of this online appendix, as reproduced below:

N
dspi _ (0 —1) (Z SMM _ dpm) ) (F.17)

Sni he—1 DPnh Pni

We now allow for deviations from a constant elasticity import demand system by considering the following general-

ization of the specification in equation (F.16):

b= { oD e

Snh (0 — 1) + 0nin otherwise -
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We assume that this generalized demand specification remains homothetic, which implies:

0= E TrkOnkhs
%

N

= Z»Tnk ((0 = 1) spn + 0pkn) — (0= 1) Tnn,
k=1

I
M=

LTnkOnkh,

>
Il

1

where x,,; denotes country n’s expenditure on the goods produced by country i. Therefore, homotheticity implies:

N
Z SnkOnkh = 0. (F.19)

Using our generalized demand specification (F.18) in the total derivative of expenditure shares in equation (F.15), we

obtain:

ds N N dp
nh
—n Z [ nih — Z Snkankh] P “ L7

h=1 k=1 nh
N N o dp
Onih nkh nh
=(—-1) {Z [(th-F 1 1i—h> - ank <8nh+ o— 1) —thl pnh} )
h=1 k=1
N o N o dp. dp
nih nkh nh ni
= -1 n - 1 n — =1 nii .
o {3 o 2 S Ay )
h=1 k=1
Using our implication of homotheticity in equation (F.19), this expression simplifies to:
ds,; N dp dpp;
= {Z [(0 = 1) spn + 0nin) » Zh —[(o = 1) + onail m} : (F.20)
n h=1 n nt

F.3.2 Market Clearing

Market clearing again requires that income in each country equals expenditure on goods produced in that country:

N
wil; = Z SniWnln- (F.21)
n=1

Totally differentiating this market clearing condition, we obtain:

— Z Smwn n (dwn 4 dSm‘) ) (F.22)
Wn,

Sni

Using our result for the derivative of expenditure shares (F.20) in the above equation, we obtain:

N N
dwz Srnwn n dwn dpnh dprn
= g § -1 n ni - )
< w ! <h1 [(0 )s e h} ‘

n Pnh DPni

N N
w; ( Wn, " ( [(O— ) S 0 h] p ‘ ) >

he—1 nh DPni

N N
dlnw; = Z tin <dln w,, + (Z [(0 = 1) $pn + 0nen] dInpyy — dlnpm->> , (F.23)

n=1 h=1

where we have defined ¢;,, as the share of country ¢’s income derived from market n:

SniWn Ly

wil;
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F.3.3 Welfare

From equation (C.8) in the Armington model with a general homothetic consumption goods price index, we also have

the following expression for the total derivative of welfare:
N
dlnu, = dlnw, — Zsm [dInTp; + dlInw; — dInz], (F.24)
i=1
F.3.4 Wages and Productivity Shocks

We consider small productivity shocks, holding constant bilateral trade costs:
dlnt,; =0, Vn,i€ N. (F.25)

We start with our expression for the log change in wages in equation (F.23) above. Using the total derivative of prices
and our assumption of constant bilateral trade costs (F.25), we can write this expression for the log change in wages

as:

N N
dlnw; = Ztm (dlnwn + (Z [(0 = 1) spn + 0opin] [dInwy, — dInzp] — [dlnw,; — dlnzﬂ)) ,
n=1

h=1

N N N
dlnw; = Ztmdlnwn +Ztm < [(0 = 1) spp + 0nin] [dInwy, — dlnz,] — [dInw; — dlnzi]> ,
h

n=1 n=1 =1

N N N
dlnw; = Ztmdlnwn + (ZZtm [(0— 1) spp + 0nin] [dInwy, — dlnz,] — [dInw; — dlnzi]> ,

n=1 h=1n=1

N N N
dlnw¢:2tmdlnwn+ (U—1)thlzﬁ:1tmj\fﬂh[dlnwh— dlnzp] — [dInw; — dln 2] ’
+ 30y Sony tinOnin ([dInwy, — dInz,))

n=1

N N
(c—=1)> _1min(dlnw, — dlnz,)
dl P = tzndl n n=1 )
nw Z nwn + < +Zﬁ=1 0in (dInw,, — dln z,)

n=1

N N
Min = § tinShn — ln=i, Ojn = E tinOhin
h=1 h=1

which has the following matrix representation in equation (41) in the paper:
dlnw =Tdlnw+ (/M + O) (dlnw — dlnz), (F.26)
0= (c—-1).
F.3.5 Welfare and Productivity Shocks

Using our assumption of constant bilateral trade costs (F.25) in our expression for the log change in welfare (F.24)

above, we obtain:
N

dlnu,, = dlnw,, — Z Spm (dInw,, — dlnz,,), (F.27)

m=1

which the following matrix representation in equation (42) in the paper:

dlnu=dlnw—-S(dlnw — dlnz). (F.28)
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F.4 Multiple Sectors

In this section of the online appendix, we show that our friends-and-enemies exposure measures extend naturally to
a multi-sector version of the constant elasticity Armington model, as discussed in Section 4.4 of the paper. The world
economy consists of many countries indexed by i,n € {1,..., N} and a set of sectors indexed by k € {1,...,K}.

Each country n has an exogenous supply of labor 4,,.
F.4.1 Consumer Preferences

Consumer preferences are defined across sectors according to the following Cobb-Douglas indirect utility function:

K
W, k
Hk:1 (pq]i)an k=1

Each sector is characterized by constant elasticity of substitution preferences across country varieties:

[Z Pt ] ., fO=0-1, o>1. (F.30)

=

F.4.2 Production Technology

Goods are produced with labor under conditions of perfect competition, such that the cost to a consumer in country

n of purchasing the variety of country 4 within sector k is:

k
k T, W;
ph; = Tt (F31)
%
where 2% captures productivity and iceberg trade costs satisfy 7¥, > 1 forn # i and 7%, = 1.

F.4.3 Expenditure Shares

Using the properties of CES demand, country n’s share of expenditure on goods produced in country ¢ within sector

k is given by:
Sy = —N(pm) —- (F.32)
Zm:l (pﬁm)

Totally differentiating the expenditure share equation (F.32), we get:
dpy; (k)0 - dpyey (k)0
0 I’: (pnl) N (pkl> o 0 pp:’h’ (pnh)

+> =

N -0 —6 N -0’
Zm:l (prm) h=1 m= 1( nm) Zm:l (pﬁm)

dply (k)0
dsk dpnz N pfmh (pnh)
o L= =" + =N 5 =0
ni pnl h=1 Zm:l (pnm)
dsk d
i _ptni pnz +Z nh pnh
Snz nz
d dp®.
-0 Zs';h Do _ Poi ) | (F.33)
h Pri

N
dln Sm = (Z sfbh dlnpflh — dlnpf”) ,

h=1
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where, from equilibrium prices in equation (F.31), we have:

dpk, drk dw;  dzF
Zru _ 7’;7“ + v kt , (F34)
Pri Thi Wi Z

dlnpm = dlnT i+ dlnw; — dlnz

F.4.4 Price Indices

Totally differentiating the sectoral price index (F.30), we have:

1
0

= 52 e Vbl IS5 1))

n k —0
m=1 Pnm Zthl (P]fm) m=1

—0
dpf _ EN: dphm  (Phim)
wr m=1 Prm Zgﬂ (pfm)_e7

T dpk
DI (£35)
Pn m=1 nm

N
dlnpt = Z sk dlnpk, .

F.4.5 Market Clearing

Market clearing requires that income in each location equals expenditure on goods produced in that location

N K
wil; = Z Z aﬁsﬁiwnﬁn (F.36)
n=1k=1
Totally differentiating this market clearing condition, holding labor endowments constant, we have
dw; dw
o il —ZZa b bt + 33 ok b,
n=1k=1 n=1k=1
N K
dw; bk <dwn dsk,
wil; = Sy iWnly, +—"),
N K
dw; Z Z ak sk, b, (dwn N dsﬁz)
wi o wibs Wn Shi
Using our result for the derivative of expenditure shares in equation (F.33) above, we can rewrite this as
N K N
dw; Z ak sk, b, [ dw, 40 Z & dpnh dpk,
w, wil; w Snh ™% ok ’
v n=1k=1 v n h=1 nh Pri
N K
dw; e [ dwn o dpF,  dpk,
= t; +0 = , (F.37)
N K N
dlnw; = Z thn (dlnwn +40 (Z sk, dinpl, — dlnpf”)) ,
n=1k=1 h=1

where we have defined ¥, as the share of country i’s income derived from market n and industry k

k Jk
tk — Oénsnzwngn

m wlgl
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F.4.6 Utility Again

Returning to our expression for indirect utility in equation (F.29), we have:

wy,
Uy = ——F
K ak
[T—: (5)
Totally differentiating indirect utility, we have:
dwy, K k dp),
1111: n An pk Wn

du,, = : —

K k k>
Hk:l (pﬁ)a" k=1 Hk:l (pn)an

Un Wn,

du,  dw, i & dpn
k=1 p"

Using our total derivative of the sectoral price index in equation (F.35) above, we get:

du dw K N dp*
n_ Za Z SK =, (F.38)

u nm

K N
dlnu, = dlnw, — Zaﬁ Z sk dlnpk .

k=1 m=1
F.4.7 Wages and Common Productivity Shocks

We consider small productivity shocks for each country that are common across sectors, holding constant bilateral

trade costs:
dlnzF = dlnz;, V=keK,i€N,

dIn7k, =0, Vn,i €N. (F.39)

We start with our expression for the log change in wages from equation (F.37) above:
N K N
dlnw; = Z thn (dlnwn + 0 (Z sk, dInpk, — dlnpf;i>> .
n=1k=1 h=1

Using the total derivative of prices (F.34) and our assumptions of common productivity shocks and no change in

bilateral trade costs in equation (F.39), we can write this expression for the log change in wages as:

N
dlnw; = ZZtm (dlnwn +0 (Z sk, [dInwy, — dlnz,) — [dInw; — dlnz,})) ,
h=1

n=1 k=1

N K N
dlnw; = ZZ?& dlnw, +0 Zthn (Z [dlnwy, — dlnzp] — [dInw; — dlnzi]> ,

n=1k=1 n=1k=1 h=1

N N K
dlnw; = ZZtk dlnw, + 6 (ZZZ K sh [dlnwy, — dlnz,] — [dInw; — dlnzﬂ),
h=1n=1k=1

n=1 k=1

N N
dlnw; = Ztmdlnwn—FO (Z [dInw, — dlnzn]> ,

n=1 n=1

l’n’

?Mw

Min = § § tthhn* n=t;

h=1k=1

33



which has the following matrix representation in the paper:
dlnw =Tdlnw +6M (dlnw — dlnz). (F.40)

We again solve for our friend-enemy income exposure measure by matrix inversion. Dividing both sides of equation

(F.40) by 6 + 1, we have:

1 1 0
——dl =——Tdl ——M(dlnw — dl
gy dnw=" nw—i—e_'_1 (dlnw nz),

L(I T—6M)dlnw = iMdl

1 nw=—g 1 nz.
Now using M = T'S — I, we have:

! (I-T-6TS+6I)dl o Mdl

—— (I-T- nw=——— nz
0+1 0+1 ’
- TS hw= - Mdwe.
0+1 0+1
Using our choice of world GDP as numeraire, which implies Q d In w = 0, we have:
T + 0TS 0
I-—— dl =-———Mdl

( 1 +Q> nw 1 nz,

which can be re-written as:
0
I-V)dlnw=—-—-Mdlnz,
0+1
T + 0TS
V=-—— —
6+1 Q
which yields the following solution of the change in wages in response to a productivity shock:
dlnw = - I-V) 'Mdl
nw = - 1 nz,
which can be re-written as:
dlnw =Wdlnz, (F.41)
where W is our friend-enemy income exposure measure:
Wz—i(I—V)‘lM (F.42)
- 0+1 ' '

F.4.8 Welfare and Common Productivity Shocks

We start with our expression for the log change in utility in equation (F.38) above:

K N
dlnu, = dlnw, — Za,’j Z sk dlnpF
k=1 m=1

or equivalently:

N K
dInu, = dlnw, — Z Zaﬁsfmdlnpfm.

m=1k=1
Using the total derivative of prices (F.34) and our assumptions of common productivity shocks and no change in
bilateral trade costs in equation (F.39), we can write this change in log utility as:

N K
dlnu, = dlnw, — Z Z afsk  (dlnw, — dlnz,,), (F.43)

m=1 k=1
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which has the following matrix representation in the paper:
dlnu=dlnw —-S(dlnw — dlnz).
We can re-write the above relationship as:
dlnu=(I-S)dlnw+ Sdlnz,
which, using our solution for dInw from equation (F.41), can be further re-written as:
dlnu=(I-S)Wdlnz+ Sdlnz,

dlnu=[(I-S)W + S] dlnz,
dlnu=UdlInz,

where U is our friend-enemy welfare exposure measure:
U=[I-S)W+S8S].

F.4.9 Industry-Level Sales Exposure

(F.44)

(F.45)

(F.46)

In this multi-sector model, our approach also yields bilateral friend-enemy measures of income exposure to global

productivity shocks for each sector. Labor income in each sector and country equals value-added, which in turn

equals expenditure on goods produced in that sector and country:

N
k_ k_ k Kk
wily =y = E o Sy iwn by,
n=1

Totally differentiating this industry market clearing condition, we have:

dylwé —Z x d

dsk. dw
ni n
—Lwl; = E ok skl <s’f + o, )

ni

N
dyzk k dsﬁz dwn
E E : Lin ok + w, ,

Y;

n=1 ni
E_ Sy (e )
y’ n=1 k=1 Sni

Using the total derivative of expenditure shares in equation (F.33), we can rewrite this as:

N
Pri

h=1 pnh

which can be re-written as:

N N
dinyf =) "tk (dlnwn +0 (Zsﬁhdlnpﬁh - dlnpfn)) .
n=1

h=1
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Using the total derivative of prices (F.34) and our assumptions of common productivity shocks and no change in

bilateral trade costs in equation (F.39), we can re-write this change in sector value-added as:

N N
dlnyf = thn <dlnwn+9 (Zsﬁh(dlnwh —dlnz,) — (dlnw; — dlnzi)>> ,
n=1

h=1

which has the following matrix representation:
dlnY¥ = T*dInw + 6M* (dlnw — dInz). (F.47)
Using our solution for changes in wages as a function of productivity shocks in equation (F.40) above, we have:
dInY* = T"WdInz + 6M* (W — 1) dInz,

dlnY* = [T*W + 6M* (W —1I)] dInz,

which can be re-written as:

dlnY*¥ = Wkdlnz, (F.48)
Wk = TkW 4 oMK (W — 1), (F.49)

which corresponds to our friends-and-enemies measure of sector value-added exposure to productivity shocks.
We now show that our aggregate friends-and-enemies measure of income exposure (W) in equation (F.42) is a
weighted average of our industry friends-and-enemies measures of sector value-added exposure in equation (F.49).

Note that aggregate income equals aggregate value-added:

K
k=1

Totally differentiating, holding endowments constant, we have:

K .
dw dyF
: zgz = E kl f
¢ k=1 Yi

Wi o Y
K
dlnw; =Y rfdlny}, (F.50)
k=1
where r¥ = u?; is the value-added share of industry k. Together, equations (F.41), (F.48) and (F.50) imply:

K
Widlnz=>» rfWFdinz,
k=1

where W, is the income exposure vector for country ¢ with respect to productivity shocks in its trade partners and

WP is the sector value-added exposure vector for country i and sector k with respect to productivity shocks in those
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trade partners. It follows that our aggregate friends-and-enemies measure of income exposure (W;) is a weighted

average of our industry friends-and-enemies measures of sector income exposure (W¥):
— kxark
W, = E ry W7,
k

Therefore, we can decompose our aggregate income exposure measure into the contributions of the income exposure
measures of particular industries, and how much of that income exposure of particular industries is explained by

various terms (market-size, cross-substitution etc within the industry).

F.5 Multi-Sector Isomorphism

For the convenience of exposition, we focus in Section 3 of the paper and the previous section of this online appendix
on a multi-sector version of the constant elasticity Armington model. In this section, we show that the same results
hold in a multi-sector version of the Eaton and Kortum (2002) model following Costinot, Donaldson and Komunjer
(2012). The world economy consists of a set of countries indexed by ¢,n € {1,..., N} and a set of sectors indexed by

k € {1,..., K}. Each country n has an exogenous supply of labor £,,.
F.5.1 Consumer Preferences

Consumer preferences are defined across sectors according to the following Cobb-Douglas indirect utility function:

K

W, &

Up = —— Yok =1. (F.51)
K

[Ty (F)" k=1

Each sector contains a fixed continuum of goods that enter the sectoral price index according to the following CES

functional form: )
k

1 l1—0o
= U P @) dﬁ] . of >l (F.52)
0

F.5.2 Production Technology

Goods are produced with labor and can be traded subject to iceberg variable trade costs, such that the cost to a

consumer in country n of purchasing a good ¥ from country % is:

k Thw;
Pri (V) = 55 (F.53)

where 2¥ captures determinants of productivity that are common across all goods within a country i and sector k
and a¥ (1) captures idiosyncratic determinants of productivity for each good within that country and sector. Iceberg
trade costs satisfy 7%, > 1 for n # i and 7%, = 1. Productivity for each good ¥ in each sector k and each country i is

drawn independently from the following Fréchet distribution:
FF(a) = exp (—afa) , 0>1, (F.54)

3

where we normalize the Fréchet scale parameter to one, because it enters the model isomorphically to z¥.
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F.5.3 Expenditure Shares

Using the properties of this Fréchet distribution, country n’s share of expenditure on goods produced in country ¢

within sector k£ is given by:

-0 —0
E o (Tr]fzwz/zzk) . (Picu)
Spi = =N - Pl Pt (F.55)
Zm:l (Tnmwm/zm) Zm:l (pnm)

where we have defined the following price term:

K3
Totally differentiating the expenditure share equation (F.55), we get:

% (k) X (k) 0 ()

% .
dsf”' — _ Pri + Z ni Pyh
N —0 N —0 N -6’
Z’m,:l (p’ll’vlm) h=1 Zm:l (pﬁm) Zm:l (pﬁm)
dopn (k)0
dsk, dpk, N0 pk’h} (Pan)
ko —0—=+ N 5 0
ni Pri h=1 Zm:l (pnm)
dsk. dpk, a w o dpk
Sknz S knz + Z the knh’
ni ni h=1 nh
dsk. al dpk dpk.
knz -0 Z Sfrczh knh _ knz , (F57)
Sni he1 nh Pri
N
dlnsﬁi =0 (Z s’;hdlnp’;h — dlnp,’fLi) ,
h=1

where from the definition of p¥, above we have:

dpk, drk. dw;  dzF

_ n _ 4 (F.58)
an‘ ™ W zf

dlnpf”» = dlnTT]fi—&— dlnw; — dlnzf.

F.5.4 Price Indices

Using the properties of the Fréchet distribution (F.54), the sectoral price index is given by:

N B
ph =" [Z (pﬁm)ol » (F.59)

m=1

_ kN7 1_oF
7’“5{1“(9—“6 a) 7

and I'(-) denotes the Gamma function. Totally differentiating this sectoral price index (F.59), we have:

=

where

N

. _1

ot (Ph)”’ AN

dpf =) AF—rm R Pk ) :
L mz::l Prm SNy (ok) ™ m; "

dpk ZN: ok (Ph)”

k k N -0
T ke S ()
N
dp® dpk
iﬂ =Nk ’;nm, (F.60)
Prn m=1 nm

N
dlnpfI = Z sﬁmdlnpﬁm.

m=1
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F.5.5 Market Clearing

Market clearing requires that income in each country equals expenditure on goods produced in that country

wil; —ZZan Sp ;W

(F.61)
n=1k=1
Totally differentiating this market clearing condition, holding labor endowments constant, we have

ZZ m kwng +Zzak k dwn Wl
n=1k=1 nz

nSni
n=1k=1

i N K dw ds®
w; wiéi = Z Zaﬁ,sfmwnen <7L + ) 5

ni
k
n Sni

ni
W,

k

iian kow <dwn+dskl>.

Sni
sing our result for the derivative of expenditure shares in equation (F.57) above, we can rewrite this as

_ Z i aﬁ/sfwwnﬂ ( dwn (Z k dpnh dem))
wi e wibs ’

k
pnh Pni

w"_iiti;?L(dwn (Z k dpnh dpﬁi))’
’ n=1k=1

k
heN pnh Pni

N K N
Zthn (dlnwn—f—ﬁ (Zsﬁhdlnpﬁh - dlnpfli)) ,
h=1

as country n’s expenditure on country ¢ in industry k as a share of country ¢’s income

(F.62)

where we have defined ¥

k ok
b= o sy awn by,

w;il;
F.5.6 Utility Again

Returning to our expression for indirect utility in equation (F.51), we have

W,
Uy = ———.
K ak
[Ti= (%)
Totally differentiating indirect utility, we have
duy K de’i;
'I'L
dun, = Z K ko
M- 1( k=1 i (pn) :
duy, dwn

Up, Z:l

Using our total derivative of the sectoral price index in equation (F.60) above, we get

K N k
- - Qy Spm L )
Un Wnp, =1 p—] Prm

(F.63)

K N
dlnu, = dlnw, — Zaﬁ Z sk dlnpk



F.5.7 Wages and Common Productivity Shocks

We consider small productivity shocks for each country that are common across sectors, holding constant bilateral

trade costs:
dlnzF = dlnz, VkeK,i€ N,
dln7k, =0, Vn,i €N.

We start with our expression for the log change in wages from equation (F.62) above:

N K N
dlnw; =Y >tk (dlnwn+9 (Zsﬁhdlnp’;h - dlnpfm)) .

n=1k=1 h=1

(F.64)

Using the total derivative of prices (F.58) and our assumption of constant bilateral trade costs (F.64), we can write this

log change in wages as:

N K N
dlnw; = Zthn (dlnw"JrG (Zslflh(dlnwh —dlnzp) — (dlnw; — dlnzﬁ)) ,
h=1

n=1k=1

N K K
dlnw; = ZZ > dInw, + 6 thn (anh dlnwy, — dlnzp,) — (dlnwi—dlnzi)>,

[]= EMZ

n=1k=1 1
K N K
dlnw; = ZZt dlnwn+0< ZZtm Spp (dlnwy, — dlnzy) — (dlnw; — dlnzi)>7 (F.65)
n=1k=1 h=1n=1k=1

which can be re-written as:

N N
dlnw; = Ztmdlnwn—i—G <Z

n=1

k=1
Min = § § tihShn n iy
h=1k=1

which has the same matrix representation as in equation (46) in the paper:
dlnw=Tdlnw +6M (dlnw — dlnz). (F.66)
F.5.8 Utility and Common Productivity Shocks

We start with our expression for the log change in utility in equation (F.63) above:

K N
dlnw, = dlnw, — Zafl Z sk dlnpk, .

k=1 m=1

or equivalently:

dInwu, = dlnw, — Z Zaﬁsﬁmdlnpfm.

m=1 k=1

Using the total derivative of prices (F.58) and our assumption of constant bilateral trade costs (F.64), we can write this

change in utility as:

dlnu, = dlnw, — Z Zan Spm (dInw,, — dln z,,),

m=1 k=1

which has the same matrix representation as in equation (47) in the paper:

dlnu= dlnw—-S(dlnw — dlnz). (F.67)
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F.6 Multiple Sectors and Input-Output Linkages

In this section of the online appendix, we report the derivations for a version of the model with multiple sectors and
input-output linkages following Caliendo and Parro (2015), henceforth CP. In particular, we consider a generalization
of the multi-sector Armington model in Section F.4 of this online appendix to incorporate input-output linkages, as
discussed in Section 4.5 of the paper. The world economy consists of a set of countries indexed by i,n € {1,...,N}

and a set of sectors referenced by k € {1,..., K'}. Each country n has an exogenous supply of labor £,,.
F.6.1 Notations

We use i,n, 0,7 to index for countries and j, k, [ for industries. We refer to the varieties in industry k produced in
country i as “goods ik”. We use subscripts to denote countries and superscripts to denote industries. Let /(v k' denote

the identity matrix with dimension NK x NK.
F.6.2 Consumer Preferences

Consumer preferences are defined across sectors according to the following Cobb-Douglas indirect utility function:
W, K k
Up = ————7, Z a, =1. (F.68)
[Ty (2™ s
Each sector is characterized by constant elasticity of substitution preferences across country varieties:

N
P = [Z (Pfii)al , f=o0-1,  J'>1 (F.69)
i=1

=

F.6.3 Production Technology

Goods are produced with labor and can be traded subject to iceberg trade costs, such that the cost to a consumer in

country n of purchasing country ¢’s variety within sector k is:

K

'ykK k,j
w; \ N i ki
=i d= (%) IIE)" . XAk =1k ©70)
j=1

Zi k=1
where ci-“ denotes the unit cost function within that country and sector; 'ylk is the share of labor in production costs; 75 J
is the share of materials from sector j used in sector k; z¥ captures determinants of productivity that are common
across all goods within a country i and sector k; and it proves convenient to define this common component of
productivity in value-added terms (such that it augments labor). Iceberg variable trade costs satisfy 7%, > 1 for n # i

and 7% = 1.
F.6.4 Expenditure Shares

Using the properties of CES demand, country n’s share of expenditure on goods produced in country ¢ within sector

k is given by: ,
o\
Pni
Sy = —N( )k —- (F.71)
Zm:l (pnm)

Totally differentiating this expenditure share equation, we get:
dp*, -0 _ dph -
0 Dy (p’]:lu) N ( k ) 7 9 p;nh, (pl’rﬁ;h)

k. Prni P
dsp; = — =x" -5 T Z N S ~o°
Em:l (pflm) h=1 Zm:l (pflm) Zm:l (pb:tm)
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dpk, ( Kk 0
dpiczi 4 o pfmh (pnh)
ok 3 N [ h -0
ni D h=1 Zm:l (pnm)

dsk. dpk. a & dpk
knz -0 knz + anhg knh’

dsk

ni __

Sni ni h=1 nh
dsk YLk, dpt
Sni -0 Z Skh Pnn _ Pri
- .
Shi h—1 Phn Phi
so that
N
dlnsk, =6 (Z sk, dInpk, — d1np§i> : (F.72)
h=1
where, from equilibrium prices in equation (F.70), we have:
pk,  drk, dw,  dzF\ | = xy dp]
Z]an _ knz + ,Ylk ( [ kz + Z,yf»] I;z , (F73)
Pri Thi w; % j=1 b;

K
dlnp®, = dln7F, 4+ +F (dlnw,; — dlnzf) +ny’jdlnpg.
j=1

F.6.5 Price Indices

Totally differentiating the sectoral price index (F.69), we have:

k i k dpk (pk )_9 li ( k )9]
dp, = > v — T Pm 7
Prm S0y (k) ™" L

dp’lrcl — iv: dp'erLm <pflm)_9

& k N R
Pn m=1 Prm 3754 (pfm)

m=1

N
dpy, s Ao
kn = nm knmv (F.74)
Pn m=1 nm
N
dlnpﬁ = Z si’mdlnpflm.
m=1

F.6.6 Labor Market Clearing

The labor market clearing condition is:
K
j=1

where yJ is total sales by country n’s industry j. Totally differentiating this labor market clearing condition, holding

endowments constant, we have:
dw il dyd
Wy = J
d K Jud \ dyd
W, — Z ( TnYn ) Yn
Wn, =1 wnLn Yn ’
K .
dw . dy?
m =Yg, (F.76)
W, =1 Un
where &/ is the share of sector j in country n’s total income:
é-j = VY _
" w,L,



F.6.7 Goods Market Clearing

Goods market clearing requires that income in each location and sector equals expenditure on goods produced in that

location and sector:

N
yr=> skak, (E.77)
n=1
where expenditure in location n in sector £ is:
= afw,l, + Z% Yi (F.78)

and recall that v/* is the share of materials from sector k used in sector j. Combining these two relationships and

the labor market clearing (F.75), we obtain the following market clearing condition:

N K
k __ § k k § : k,j,.J
Y = Sni anwﬂ£n+ any% ’

n=1 j=1

N K K
=> sk [ab > vl > Akl
j=1 j=1
N K i
=D sk okl + 5] vl

Totally differentiating this market clearing condition, we have:

dy N K
- yr = Zsl aﬁwnfn-i-Z’yﬁ’]yfl ,

n=1 Jj=1

N K K
B - o i
—E Sni anE v%y%+§ Yol Y | s
j=1 j=1

=3 sk [k + R vl

n=1 j=1

N K

d d
yl k Z Z ‘m ']ren 'n,’Yn + ,y'n,’J yn + Z Z Sni n’Yn + ’ynJ] yyn y%

n=1j=1 ni n=1j=1 n

Let 9% denote the fraction of ik’s revenue derived from selling to consumers in country n; ® denote an NK x NK
matrix with entries ©7 capturing the fraction of ¢k’s revenue derived from selling to producers in country n industry

m

capturing

in?

j; and A denote the Leontief-inverse of ©, such that A = (I(NK) — @) "7, with the (ik,nj)-th entry, A; kj
the network-adjusted fraction of ik’s revenue derived from market nj, either directly or indirectly through customers

of customers, ad infinitum. The above market clearing can be re-written as

N
dlnyf:Zdlns m nz?:j nnyn ZZ dlnsm 7”7" ﬁl

n= 1] 1 Yi
k,j
+Z Snz n Vnyn dlnyn+zz nzFYn Jdlnyn,
n=1 yl j:l n=1 j=1 7'

uMz

N K
K dlnw, + Z ﬁfn+26% dlnstrZZ@mdlnyn,
n=1

j=1 n=1j=1
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where in the second equality we used equations (F.75) and (F.76). Subtracting the latest term on the right hand side

from both sides of the equations and taking the Leontief-inverse of ©% , we obtain:
N K N N K
dlnyf =>"3 AN "9 dlnw, + > [0, +> 64, | dinsl, | . (F.79)
o=1 =1 n=1 n=1 j=1
Combining this result with (F.76), we get
N K N N K
dinw; =Y ¢F> S AR N L, dInw, + Y (9, + )6, | dlnsl,, | . (F.80)
k o=11=1 n=1 n=1 j=1

F.6.8 Wages and Common Productivity Shocks

We consider small productivity shocks for each country that are common across sectors, holding constant bilateral

trade costs:
dlnzf = dlnz;, Vke K,i€N,
dlntk, =0, Vn,i€N.

7

We start with our expression for the change in prices above:

K
dlnpt, = din7F, +~F (dlnwi - dlnzf) —l—Z'yf’jdlnpg,
j=1
K . .
=F (dlnw; — dlnzi)—&—Z’yf’jdlnpz

j=1
Using our result for the total derivative of price indices (F.74), we can rewrite this expression for the change in prices

as:
K N

dlnpl, =~F (dlnw; — dlnz,;)+2’yf’j s{mdlnpgm.
j=1 m=1

ik kg : ; ;
We use 35" = 7,7’ s;,, to denote expenditure in country ¢ and sector k on the goods produced by country m and
sector j as a share of revenue in country ¢ and sector k. Using this notation, we can rewrite the above expression for
the change in prices as:
K N
k k j & j
dlnp;, =~ (dlnw,; — dlnzi)—kz Z P dInpl, . (F.81)
j=1m=1

Let 3 denote the N K x N K matrix with entries anlf capturing the input cost share (relative to revenue) on goods km

by producer ij. Let us also define the Leontief inverse I' = (I(NK) — 2) 71, with the (nj, ik)-th entry, ri*

©i» capturing
the network-adjusted share of nj’s revenue spent on inputs ik, either directly or indirectly through suppliers and
suppliers of suppliers, ad infinitum. Finally, let Af”- = 25:1 %’TZL’: denote the network-adjusted input cost share of
nj’s revenue on value-added (labor) in country ¢; note that vazl Ain. = 1 for all nj due to constant returns to scale.

Equation (F.81) can be re-written as:

N
dlnpﬁi:ZAfl(dlnwl— dlnz). (F.82)
=1

We can now use (F.82) to re-write the linearized expenditure shares from equation (F.72) as:
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N

N
dlnsk, =0 (Zs’;hZAﬁr(dlnwr —dlnz) = > AL (dlnw, — dlnzr)> , (F.83)

h=1 r=1
N
(Z sty — Af}) (dlnw, — dlnz,).

Substitute this into (F.80), we get

K

N K N
dlnw; = &> S AN "9l dlnw,
1 o=1[=1 n=1
K N
o+ Z ey (Z (Z sbo Al — Aér> (dlnw, — dlnzr)> .
1 j=1 h=1

K N

N K
DD D AL
1 o=1[=1 n

k=

T

To simplify notation, let us now define I}, = 25:1 ¢F A to be the network-adjusted share of income in country i

derived from selling to country o industry [. Also denote Y! = ZhN:1 sty AL — AL 0!

nor or? nor

is the elasticity of n’s

expenditure on goods lo with respect to r’s factor cost. Then the above expression can be re-written as:

N N K
dlnw; =Y (szoﬁgn> dlnw,

n=1 \o=1 [=1
=Tin
N N N K
+0> (D> >, (v, + > el | T, | (dinw, — dlnz,) (F.84)
n=1 \r=1o0=1 =1 j=1

=M,

Finally, we define T as an N x N matrix with entries T;, = Zi\[:l Zzl; It 9! . Element T, captures the
network-adjusted share of i’s income derived from selling to consumers in country n; it sums across the network-
adjusted income share that country ¢ derives from selling to country-industry ol, times the revenue share that ol

derives from selling to consumers in country n. We define M as an N x N matrix with entries M,,:

N N K K
M. =SS (136 | 7
r=1o0=1 [=1 Jj=1

To interpret, Y. . captures how 7’s expenditure on goods ol responds to factor cost in n. Element M;,, sums the
cross-substitution effects across i’s exposure to all markets through network linkages: I1., is i’s network-adjusted
income share derived from selling to producers in country o industry /; goods ol are then exposed to substitution
due to changes in n’s factor costs through markets that ol supplies to, including consumers (%) and producers
(Zjil @lojr) in all countries (r).

We have thus obtained the same matrix representation as in the paper:
dlnw =Tdlnw +6M (dlnw — dlnz). (F.85)

We again solve for our friend-enemy income exposure measure by matrix inversion:

dinw =WdlIngz, (F.86)

where
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_ 0 -1
W= (I-V)'M (F87)

and, using our choice of world GDP as numeraire, which implies QdInw = 0,

T+0TSi

A%
0+1

Q.

F.6.9 Welfare

Returning to our expression for indirect utility (F.68), we have:
B K ak”
[Tz (07)

Totally differentiating this expression for indirect utility, we have:

Un

k
dwy ) K ok drn

w n n pk
du,, = n . _§ .

K K ko
| )™ = | (pk)™

Wn

du,, dw,, K & dpf;
-

— k Pn
Up, W, pk

k=1
Using our total derivative of the sectoral price index above, we get:

K N

du dw  dpt
L it sk Z;"m, (F.88)
Un Wn k=1 m=1 nm
K N
dlnu, = dlnw,, — Za,’j Z sﬁmdlnpﬁm.
k=1 m=1

Plugging (F.82) into the above, we get

N /K N
dlnu, = dlnw, —Z <Z Z aﬁsﬁm[\fm> (dlnw; — dlnz;)

i=1

We define S as an N x N matrix with entries S,,; = Zszl Zzﬂ aksk AF . Element S,; captures the network-

nonm - mae*

adjusted expenditure share of consumer n on value-added by country ; it sums across the expenditure share of

consumer 1 on goods mk, times the network-adjusted input cost share of mk on factor 4, captured by A* .. We have

mi*

thus obtained the same matrix representation for welfare as in the paper:

dlnu=dlnw—-S(dlnw — dlnz). (F.89)

We can re-write the above relationship as:
dlnu=(I-S)dlnw+ Sdlnz,
which, using our solution for dInw from equation (F.86), can be further re-written as:

dlnu=(I-S)Wdlnz+ Sdlnz,
=[(I-S)W +S]dlnz,

=UdlInz,
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where U is our friend-enemy welfare exposure measure:

U=[I-S)W+58]. (F.90)
F.6.10 Industry-Level Sales Exposure

Similarly to the multi-sector model without input linkages, our approach also yields bilateral friend-enemy measures
of sales exposure to global productivity shocks for each sector. From equations (F.79) and (F.83) we obtain the following

expression for changes in the sales of industry k in country 4:

N /N K
dlnyf =" (ZZAfgﬁgn> dlnwn,,
n=1 \o=1I[=1
=T},
N N N K K
+92 Afol ﬁér—l—Z@fﬂ, Tﬁ,on (dlnw, — dlnz,).
n=1 \r=1o0=1I=1 Jj=1

=MF*

We define T* as an N x N matrix with entries T¥, = Zév:l leil AR . Element T%, captures the network-
adjusted share of sector ik’s income derived from selling to consumers in country n; it sums across the network-

adjusted income share that sector ik derives from selling to country-industry ol, times the revenue share that ol

derives from selling to consumers in country n. We define M* as an N x N matrix with entries M¥ :
N N K K
ko— kL[ gl lj l
Min = Z Z Z Aio 1907" + Z @ojr Tron'
=1

To interpret, §Y. _, captures how 7’s expenditure on goods ol responds to factor cost in n. Element M¥  sums the
cross-substitution effects across sector ik’s exposure to all markets through network linkages: A is ik’s network-
adjusted income share derived from selling to producers in country o industry /; goods ol are then exposed to substi-
tution due to changes in n’s factor costs through markets that ol supplies to.

We get the following matrix representation:

dlnY¥ = T*dInw + 6M* (dlnw — dInz), (F.91)

= [T*W + 6M* (W —1)] dInz,

which can be re-written as:

dlnY* = Wkdlng, (F.92)
Wk = TEW 4 oM* (W - 1), (F.93)

which corresponds to our friends-and-enemies measure of sector sales exposure to productivity shocks. Note that
WK also captures sector value-added exposure to productivity shocks, as value added is a constant share of revenues

in this model. Finally, recall from equation (F.76) that
K

dlnw, = Zf’;dlnyﬁ.
j=1
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where £ is the value-added share of industry k in country n’s total income. Together, this relationship and equations
(F.86) and (F.92) imply that:
K
W;dlnz = Z{ﬁWf dlnz,
k=1
where W, is the income exposure vector for country ¢ with respect to productivity shocks in its trade partners and
WP is the sector value-added exposure vector for country i and sector k with respect to productivity shocks in those
trade partners. It follows that our aggregate friends-and-enemies measure of income exposure (W;) is a weighted

average of our industry friends-and-enemies measures of sector value-added exposure (W¥):

K
W; = Zfﬁwf
k=1

Therefore, we can decompose how much of our aggregate income exposure measure is driven by the value-added
exposure of particular industries, and how much of that value-added exposure of particular industries is explained by

various terms (market-size, cross-substitution, etc. within the industry).

F.6.11 Isomorphisms

Although for expositional convenience we focus on an extension of the constant elasticity Armington model with
multiple sectors and input-output linkages, the same results hold in an extension of the Eaton and Kortum (2002)
model to incorporate both multiple sectors following Costinot, Donaldson and Komunjer (2012) and also input-output

linkages following Caliendo and Parro (2015).

F.7 Economic Geography

In this section of the online appendix, show that our approach also generalizes to models of economic geography, in
which goods and factors are mobile across locations, as in Allen and Arkolakis (2014), Ramondo, Rodriguez-Clare and
Saborio-Rodriguez (2016), Redding and Sturm (2008) and Redding (2016), as discussed in Section 4.6 of the paper. The
world economy consists of a set of locations indexed by i,n € {1,..., N}. The economy as a whole has an exogenous
supply of £ workers, who are each endowed with one unit of labor that is supplied inelastically. Workers are perfectly

mobile across locations, but have idiosyncratic preferences for each location.
F.7.1 Consumer Preferences

The preferences of worker v who chooses to live in location n are characterized by the following indirect utility
function:
_ bnen (V) Wy

up (v) = o (F.94)

where w,, is the wage, p,, is the consumption goods price index; b,, captures amenities that are common for all workers
(such as climate and scenic views); and €, () is an idiosyncratic amenity draw that is specific to each worker v and
location n. The consumption goods price index is modeled as in our baseline constant elasticity Armington model in

Section 3 of the paper and takes the following form:

1

1—0o

N
pn = lZpiLi‘”] . o>l (F.95)
i=1
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Idiosyncratic amenities are drawn independently for each worker and location from the following independent Fréchet
distribution:

F.(e) = exp (fe*”) , k>1, (F.96)

where we normalize the Fréchet scale parameter to one, because it enters the model isomorphically to b,,; and £ > 1

controls the dispersion of idiosyncratic amenities.
F.7.2 Production Technology

Goods are produced with labor according to a constant returns to scale production technology. These goods can be
traded between locations subject to iceberg variable costs of trade, such that 7,,; > 1 units must be shipped from
location i to location 7 in order for one unit to arrive (where 7,,; > 1 for n # i and 7,,,, = 1). Therefore, the cost to

the consumer in location n of purchasing the good produced by location i is:

s
Poi = (F.97)
zi

where z; captures productivity in location ¢ and iceberg variable trade costs satisfy 7,,; > 1 for n # i and 7,,,, = 1.

F.7.3 Expenditure Shares

Using the properties of CES demand, location n’s share of expenditure on goods produced in location ¢ is:

(Tiwi)2:) " °

Zanzl (TamWm /[ 2m

Sni = )170 . (F.98)

Totally differentiating this expenditure share equation we get:

N
s _ (c—1) (Z Snh Pun _ dp’”) , (F.99)

Sni h—1 Pnh DPni

N
dIns,; = (0 —1) (Z S d1nppp — dlnpm) :

h=1
where from the expression for equilibrium prices (F.97) above, we have:
dpn; drp; dw; dz;

= + , (F.100)
Pni Tni Wy Zi

dlnp,; = dln1,; + dlnw; — dln z;.
F.7.4 Price Indices

Totally differentiating the consumption goods price index (F.95), we have:

N
d d
Pn el Pnm
N
dlnp, = Z Snm d 1N P, -
m=1
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F.7.5 Location Choice Probabilities

Using the properties of the Fréchet distribution (F.96), the probability that a worker chooses to live in location n is:

_ (bnwn/pn)m
Soney (bhwn /pn)"

and expected utility conditional on choosing to live in a location is the same across all locations and given by:

&n

?\\‘ 5\

(F.102)

N 1
Efu =a=T (" - 1) [Z (bhwh/ph)”] : (F.103)

K
h=1

Totally differentiating the location choice probabilities, we have:

dé, db,, dw,, dpn, dbh dwy, dpn
= /<;< ot > th( ) (F.104)

Wn Wh Pr

Using the total derivative of the consumption goods price index (F.101), we can rewrite this total derivative of the

location choice probabilities as:

N N
dé, db, d n Z dpnm Z db d dprm
765 = K ( b v - 5nm p ) — K Sh < h wh - Shm ph > )

Wh m—1 Phm

which can be further rewritten as:

K (dln bn + dln Wy — 211;/;:1 Snm dlnpnm)

dln¢, =
kYN &, (dln b+ dlnwy, — SN Shm dlnphm)

(F.105)
Totally differentiating expected utility, we have:

di & by dw,  dpy
—=> & + - ).
] by wp Dh

Using the total derivative of the consumption goods price index (F.101), we can rewrite this total derivative of expected

utility as:

@_ig db, dwh_i dphm
i - h bh Shm )

Wh po— Phm

which equivalently can be written as:

N N
dlna =&, (dlnbh+ dlnwh—Zshmdlnphm>. (F.106)

h=1 m=1

F.7.6 Market Clearing

Market clearing requires that income in each location equals expenditure on goods produced in that location:

N
wzgz = Z Sniwng’ru (F107)

which can be re-written as:

N
wzgz = Z Sniwngn-
n=1
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Totally differentiating this market clearing condition, we have:

dw; d¢; ds
Tzwlfl + ?&wzgz = Z o e Srnwnfn + Z Snzwnfn + Z Snzwnfna
v v n=1

n=1

dw; d dw ds,; d
wlzwzfz §€ wi&; = Z SniWnén < wnn + — 4+ é.in>

Using our total derivative of expenditure shares (F.99), this becomes:

z{z 7 Z Snzwnfn < ( (Z Snh (;]::;Lh dpnz) n (iin>

w; 1 h=1 Pni

N N
+=) et +o—1) D s —~ + :
W; gi wigi ( Wp, ( ) ( W Pnh DPni fn

n=1 h=1
dw; dg dw,  d¢ Nooodp dp
4 % n n nh ni
ti + ="+ s - =)
; " ( gn ( ) (; nh DPnh Pni > >
where we have defined t;,, as the share of location 7’s income from market n:
¢ . SniwnLn
m — wZLZ )
and equivalently we can write this expression as:
N N
dlnw; + dIng =Y "t (dlnwn +dIn&, 4 (o0 —1) (Z S dInppy, — dlnpm)) . (F.108)
n=1 h=1

F.7.7 Productivity Shocks

We consider small productivity shocks, holding constant amenities and bilateral trade costs:

dlnb; =0, VieN,

dnt,; =0, ¥n,icN, (F.109)

Using this assumption and the total derivative of prices (F.100) in the total derivative of the choice probabilities (F.105),

we obtain:
N N N
dln&, =k (dlnwn - z Snm (dInw,, — dlnzm)> - /{Z& (dlnwh - Z Shm (dInw,, — dlnzm)> ,
m=1 h=1 m=1
which can be rewritten in matrix form as:
dlné =k (I-E)[dlnw —S(dlnw — dlnz)], (F.110)

where the term inside the square parentheses is the change in the real wage change in each location and the matrix

= captures the population share of each location:

&1 & - &N
- & & o &
5.1 5'2 f;v

NxN
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Using our assumption of no changes in amenities or bilateral trade costs in equation (F.109) and the market clearing

condition (F.108), the impact of the productivity shock on income in equation (F.108) can be re-written as:

N N
dlnw; + dlng =t (dlnwn+ dlné&, + (0 —1) (Z Snn [dInwy, — dlnz,] — [dInw; — dlnzﬂ)) ,

n=1 h=1

which can be rewritten in matrix form as:
dlnw+ dln€=T(dlnw+ dlné)+ (60 — 1) (TS —1I)(dlnw — dlnz). (F.111)

Substituting for the change in population share (d In &) using equation (F.110), we obtain:

(1+k)dlnw | TIQl+k)dlnw — xS (dlnw — dlnz)]
—kS(dlnw — dlnz) } B [ +(c—-1)(TS-I)(dlnw — dlnz) ’

which can be rewritten as:
(I1+k)dlnw=(14x)Tdlnw+[((c —1)—k)TS— (0 —1)I+«S](dlnw — dInz),

and hence the impact of the productivity shock on wages is:

1) 1
dinw = Tdlnw + | (LZ=D ="\ pg_ (2 I+ 8| (dlnw— dlnz).
1+k 1+ k& 1+k

Using our assumed productivity shock (F.109), the total derivative of prices (F.100), and the total derivative of expected

utility (F.106), the impact of the productivity shock on welfare is:

N N
dlna = th ldlnwh - Z Shim (d1nwy, dlnzm)] ,

h=1 m=1

which can be written in matrix form as:
dlnug=¢ [dlnw—S(dlnw — dInz)], (F.112)

where the term inside the square parentheses is the change in the real wage in each location.

G Additional Empirical Results

In this section of the online appendix, we report additional empirical results, as discussed in the paper.

G.1 Economic Friends and Enemies

We begin by reporting additional empirical results for country income and welfare exposure to productivity and trade

cost shocks, as discussed in Section 5 of the paper.
G.1.1 Quality of the Approximation

In this section, we report further empirical evidence on the quality of our approximation to the full non-linear solution

of the model, as discussed in Section 5.2 of the paper.
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Empirical Distribution of Productivity and Trade Cost Shocks To compare our linearization with exact-hat
algebra for empirically-reasonable shocks, we recover the empirical distribution of productivity and trade cost shocks
that rationalize the observed trade data within our baseline single-sector constant elasticity Armington model from
Section D of this online appendix. Changes in trade costs and productivity are only separately identified up to a
normalization or choice of units, because an increase in a country’s productivity is isomorphic to a reduction in its
trade costs with all partners (including itself). We use the normalization that there are no changes in own trade costs
over time (7,,: = 1 Vn, t), which absorbs common unobserved changes in trade costs across all partners into changes
in productivity. But our results are not sensitive to the way in which we recover productivity shocks, as explored in
the Monte Carlo simulations discussed in the paper and further below.

Using this normalization, we estimate time-varying bilateral trade cost shocks following Head and Ries (2001).

Specifically, let z,,;;+ denote the expenditure by country n on goods from country ¢ in year ¢, then

— -0
Tnit witeziet (Tnit)

—0_0 —0
Tnnt Wyt Znt (Tnmg)

1 _0
< Tnit Tint > 2 o < Tnit Tint) 2
Tnnt LTigt Tnnt Tiit

Denoting by & relative changes in variable = across periods and using our normalization that 7,,,,; = T35t = 1,

which implies

i‘nit jjint 2 ~ ~ -
( - (TnitTint) 2.

Tnnt Tiit

Assuming a standard value for the trade elasticity of § = 5 and that bilateral trade cost shocks are symmetric (7, =
Tint), We can recover all bilateral relative changes in trade costs from the bilateral trade data.

Using the market clearing condition that equates a country’s income with expenditure on its goods, and again
assuming a standard value for the trade elasticity of § = 5, we estimate the changes in productivity in each country

(2;¢) that exactly rationalize the observed changes in per capita incomes (;;) and populations (i), given our estimated

changes in bilateral trade costs (%n_if :

N

Wigliwiglyy = E

N ~—0 ~—02.0
w1 Dt=1 Sntt oo Zpp

~—0 ~—0 20
SnitTy s Wi Z7 ~ 2
Lol 0 D0 wntgntwntznta (Gl)

where any omitted changes in trade costs for an importer n that are common across exporters cancel from the numer-
ator and denominator of the fraction on the right-hand side; any omitted changes in trade costs for an exporter ¢ that
are common across importers are implicitly absorbed into the estimated changes in productivities (2;;). Note that the
fraction on the right-hand side of equation (G.1) corresponds to an expenditure share and is homogenous of degree
zero in these changes in productivities (2;;). Therefore, these changes in productivities (2;;) only can be recovered up
to a normalization or choice of units, and we use the normalization that the mean of the log changes in productivities
across all countries is equal to zero (a geometric mean of changes in productivities of one).

Having recovered these changes in productivities (Z;;) implied by the observed data, we compare the predictions
from our (first-order) linearization for the impact of productivity shocks on income to those from the full non-linear
solution of the model using the exact-hat algebra approach. In particular, we undertake exact-hat algebra counter-

factuals, in which we solve for the counterfactual change in per capita income (;;) in response to the changes in
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productivity alone (Z;;), holding trade costs and populations constant:

N

~—020
~ SnitW;p 254 ~
Wigwiglip = E N =g g WntWnilnt. (G.2)
i1 Dot SnetWyy Zgy

We compare the results from these exact-hat algebra counterfactuals to the predictions of our linearization, which
implies a log change in countries’ per capita incomes in response to these productivity shocks of In W = W lnz. We
also undertake an analogous exercise in which we compare the predictions of our linearization for changes in bilateral

trade costs to the counterfactual predictions from exact-hat algebra, as discussed further below.

Quality of the Approximation for Productivity Shocks In Section 5.2 of the paper, we report Monte Carlo sim-
ulations for our baseline trade elasticity of @ = 5, in which we draw (with replacement) productivity shocks for each
country from the empirical distribution of productivity shocks from 2000-2010. Using these simulated productivity
shocks, we undertake exact-hat algebra counterfactuals to compute predicted log changes in per capita income, and
compare these predictions with those from our linearization. In Figure 3 in the paper, we show that we find slope
coefficients from 0.99-1.01 and a correlation coefficient of above 0.999. In Figures G.1 and G.2 below, we explore the
robustness of these results to alternative parameter values, by considering trade elasticities of § = 2 and 8 = 20,
which spans the range of empirically plausible values for this parameter. Even for trade elasticities as extreme as 2
and 20, we find regressions slope coefficients ranging from 0.85-1.09 and correlation coefficients of above 0.999.
Proposition 5 in Subsection 3.6 of the paper shows that the second-order approximation error for the income
exposure of each country is bounded by the product between the largest eigenvalue of the corresponding Hessian
matrix and the cross-country variance of productivity shocks (i.e., |¢; (Z)] < ‘/ﬁ“a"’i| - Z'7). In Table G.1, we show
the eigenvalues of the Hessian matrix. Both for the year 2000 and averaged across our sample period, the largest
eigenvalue is small, implying that the second-order approximation error for the income exposure of each country is
bounded by 0.26 percent and 0.36 percent of the variance of productivity shocks. Moreover, Table G.1 shows that all
other eigenvalues are substantially smaller; the second largest eigenvalue ;.2"%*, for instance, averages to 0.0016 across
countries i for the year 2000 and to 0.0020 for the entire sample. We find that for each country i, zZ"%%? ~ e, implying
that productivity shocks represented by the standard unit vector e’ come close to achieving the upper bound of the

Smax,i

approximation error, and any productivity shock vector that is orthogonal to z induces approximation errors
that are bounded above by ,uQ"d’i. As a result, across our entire sample, we find that the second-order approximation
errors in income exposure to own-productivity shocks are, on average, bounded by 0.36 percent of the variance of
productivity shocks, and the second-order approximation errors in income exposure to other countries’ productivity
shocks are, on average, bounded by 0.20 percent of the variance of productivity shocks.

Proposition 7 in Subsection 3.6 of the paper further shows that the eigenvalues of the Hessian matrix, evaluated
at some productivity shock vector x, provides the exact error for our first-order approximation, summing across
second- and all higher-order errors (ie., w; — [Wz], = zZH f, (x) Z for some x). A bound on the eigenvalue of
the Hessian evaluated over the entire support X’ of productivity shocks therefore provides an upper-bound on the
exact approximation error. We cannot exhaustively evaluate the eigenvalues of Hessians over the entire support of
all possible productivity shocks, because the support of the distribution of productivity shocks is not observed in any
finite sample. Nevertheless, the upper envelope of all historical realizations of the Hessian eigenvalues is informative,

because year-to-year variations in the Hessian matrices are exactly due to differences in the realizations of productivity
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shocks over time. As reported in Table G.1, the largest eigenvalue of the Hessian, averaged across countries and
taking the maximum across our sample period, is 0.0062, and subsequent eigenvalues are again substantially smaller.
This implies global errors in our first-order approximation of income exposures to own productivity shocks of 0.62
percent of the variance of productivity shocks, and global approximation errors of income exposure to other countries’
productivity shocks of 0.33 percent of the variance of productivity shocks.

Taken together, these results suggest that our friend-enemy income exposure measures for productivity shocks
are close to exact for empirically-reasonable changes in productivities and trade elasticities.

Figure G.1: Distributions of Regression Slope Coefficients and Coeflicients of Correlation Comparing our Friend-
Enemy Approximation to Exact-Hat Algebra Predictions in Monte Carlos using Simulated Productivity Shocks (6 = 2)

0.2 T T T T 0.25
0.21
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0.15¢
0.1f
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0.05¢
0 0
0.86 0.865 0.87 0.875 0.88 0.999 0.9995 1
Regression Coefficient Coefficient of Correlation

Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the
paper. Monte Carlo simulations using 1,000 replications. Simulated productivity shocks drawn (with replacement) from the empirical distribution
of productivity shocks from 2000-10.

Figure G.2: Distributions of Regression Slope Coefficients and Coefficients of Correlation Comparing our Friend-
Enemy Approximation to Exact-Hat Algebra Predictions in Monte Carlos using Simulated Productivity Shocks
6 =20)

0.2 y y y y 0.2
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Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the

paper. Monte Carlo simulations using 1,000 replications. Simulated productivity shocks drawn (with replacement) from the empirical distribution

of productivity shocks from 2000-10.
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Table G.1: Eigenvalues of the Hessian Matrix

Eigenvalues of Hessians, ordered by absolute value, averaged across all countries

1 2 3 4 5 6 7 8 9 10

Year 2000
0.0026 0.0016 0.0010 0.0008 0.0006 0.0005 0.0004 0.0003 0.0003 0.0002

Average across years 1970-2012
0.0036  0.0020 0.0014 0.0010 0.0008 0.0006 0.0005 0.0004 0.0004 0.0003

Max across years 1970-2012
0.0062  0.0033 0.0023 0.0016 0.0013 0.0010 0.0008 0.0007 0.0006 0.0005

Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the
paper.

Quality of the Approximation for Trade Cost Shocks In Figure 1b in the paper, we report a comparison of
predicted changes in per capita income using our linearization and exact-hat algebra counterfactuals for productivity
shocks. In Figure G.3 below, we report an analogous comparison of our linearization and exact-hat algebra counterfac-
tuals using the empirical distribution of trade cost shocks from 2000-2010. While we again find a strong relationship
between the predictions of our linearization and the exact-hat algebra counterfactuals, it is noticeably weaker than
for productivity shocks, with a regression slope of less than one. An important reason for this difference is that the
productivity shock is common across all trade partners, which means that the direct effect of this productivity shock
can be taken outside of the summation across trade partners into a separate first term that is the same in our lineariza-
tion and the exact hat algebra in equations (26) and (27) in the paper. In contrast, the direct effect of bilateral changes
in trade costs cannot be taken outside of this summation sign, because it varies across trade partners. Nevertheless,
even though the regression slope now differs from one for trade cost shocks, the correlation coefficient between the
predicted changes in per capita income using our linearization and exact-hat algebra counterfactuals remains greater
than 0.99. In Monte Carlo simulations in which we draw a shock to bilateral trade costs for an exporter-importer pair
from the empirical distribution of trade cost shocks from 2000-2010, and compare our linearization and the exact-hat
algebra counterfactuals, we find this same pattern of results with regressions slopes that can differ from one, but cor-
relation coefficients that remain close to one. Furthermore, although our linearization works less well in general for
bilateral trade cost shocks, we find many examples in which it provides a close approximation to the full non-linear

solution of the model, as shown for a shock to US-China bilateral trade costs in Figure G.4.
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Figure G.3: Predicted Impact of Bilateral Trade Cost Shocks on Income: Our Friend-Enemy Approximation Versus
Exact-Hat Algebra Predictions for the Empirical Distribution of Trade Cost Shocks from 2000-2010 (f = 5)
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Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the

paper.

Figure G.4: Predicted Impact of Bilateral Trade Cost Shocks on Income: Our Friend-Enemy Approximation Versus
Exact-Hat Algebra Predictions for a 50 Percent Increase in US-China Bilateral Trade Costs (§ = 5)
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Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the

paper.
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G.1.2 Regional Networks of Welfare Exposure

In this section, we report further empirical evidence on regional networks of welfare exposure, as discussed in Section
5.3.2 of the paper. In Figure G.5, we show bilateral welfare exposure in Central Europe before and after the fall of the
Iron Curtain. In 1988 immediately before this event, we observe strong connections between the countries of the
former Soviet Union (USR) and Eastern European nations such as the former Czechoslovakia (CSK). By 2012, these
connections have substantially weakened, and we observe growing connections between Western European countries
such as Italy and Eastern European nations. Although Germany is here the aggregation of the former and East and
West Germanies in all years, we also observe a strengthening of its position at the center of the network of welfare
exposure. More broadly, we also find an increase in the overall density of connections over time, consistent with trade

liberalization increasing countries’ economic interdependence.

Figure G.5: Central European Welfare Exposure, 1988 and 2012
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Source: NBER World Trade Database and authors’ calculations using our baseline constant elasticity Armington model from Section 3 of the
paper.

G.2 Economic and Political Friends and Enemies

In this section of the online appendix, we report additional information for our analysis of the relationship between
bilateral political attitudes and our friends-and-enemies sufficient statistics in Section 6 of the paper. In Subsection
G.2.1, we report additional details about the measurement of bilateral political attitudes using voting similarity data.
In Subsection G.2.2, we report additional empirical results for the relationship between bilateral strategic rivalries and

our our friends-and-enemies sufficient statistics.

G.2.1 Measuring Political Attitudes Using Bilateral Voting Similarity

We follow a large literature in political science in measuring countries’ bilateral political attitudes towards one another
using the similarity of their votes in the United Nations (UN). The ultimate source for our UN voting data is Voeten
(2013), which reports non-unanimous plenary votes in the United Nations General Assembly (UNGA) from 1962-2012,

and includes on average around 128 votes each year. Countries are recorded as either voting “no” (coded 1), “abstain”
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(coded 2) or “yes” (coded 3). In particular, we use the bilateral measures of voting similarity constructed using these
data in the Chance-Corrected Measures of Foreign Policy Similarity (FPSIM) database, as reported in Hage (2017). We

denote the outcome of vote v for country i by O; (v):
0; (v) € {1,2,3} vedl,...,V} (G.3)

Building on a large literature in international relations, we consider a number of different measures of bilateral voting
similarity. Our first and simplest measure is the S-score of Signorino and Ritter (1999), which measures the extent of
agreement between the votes of countries n and 7 as one minus the sum of the squared actual deviation between their
votes scaled by the sum of the squared maximum possible deviations between their votes:

65 _ 1 Lozt (On(v) = 0:i(v))°
" % Zq‘)/:1 (dmax (U))2

where (dmax (v))° = (sup{O,, (v) — O; (v)})” represents the maximum possible disagreement for each vote and this

(G.4)

measure is bounded between minus one (maximum possible disagreement) and one (maximum possible agreement).

A limitation of this S-score measure is that is does not control for properties of the empirical distribution function
of country votes. In particular, country votes may align by chance, such that the frequency with which countries
agree on a “yes” depends on the frequency with which countries vote “yes” Similarly, the frequency with which
they agree on each of the other voting outcomes (“no” and “abstain”) depends on the frequencies with they choose
these other voting outcomes. Therefore, we also consider two alternative measures of countries’ bilateral similarity in
voting patterns that control in different ways for properties of the empirical distribution of voting outcomes. First, the
m-score of Scott (1955) adjusts the observed variability of the countries’ bilateral voting outcomes with the variability

of each country’s own voting outcomes around average outcomes across the two countries taken together:

>t (0n [v) - O, (v))? )
ot (On (0) = 259) 500 (04 (v) = 2594

Sr,=1-— (G.5)
where O; = (1/V) 21‘;/:1 O; (v) is the average outcome for country i.

Second, the x-score of Cohen (1960) adjusts the observed variability of the countries’ bilateral voting outcomes
with the variability of each country’s own voting outcomes around its own average outcome and the difference be-

tween the two countries’ average outcomes:

« et (On (v) = O; (v))° G

S (0 ()= 0,) + 3V (0i(0) =0 + 2V, (0, = 0,)%

Both the 7-score and k-score have an attractive statistical interpretation, as discussed further in Krippendorf

(1970), Fay (2005) and Hége (2011). In the case of binary (0,1) voting outcomes, these indices reduce to the form of
1—(D,/D.), where D, is the observed frequency of agreement and D, is the expected frequency of agreement.
The key difference between the two indices is in their assumptions about the expected frequency of agreement. The
m-score estimates the expected frequency of agreement using the average of the two countries marginal distributions
of voting outcomes. In contrast, the k-score estimates the expected frequency of agreement using each country’s own
individual marginal distribution of voting outcomes. Whereas our economic measures of exposure are potentially
asymmetric, such that n’s exposure to 7 is not necessarily the same as i’s exposure to n, each of these measures of

foreign policy similarity is necessarily symmetric.
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G.2.2 Additional Empirical Results on Political Attitudes

In Section 6.2 of the paper, we examine the relationship between countries’ bilateral political attitudes towards one
another and our friends-and-enemies sufficient statistics. We report estimation results using both measures of voting
similarity in the United Nations General Assembly (UNGA) and measures of strategic rivalries. In this section of the
online appendix, we report additional empirical results for strategic rivalries, using the measures of different types
of strategic rivalries (positional, spatial and ideological) from Colaresi et al. (2010). Table G.2 presents the results
of estimating the same instrumental variables specification as in Columns (9)-(10) in Table 1 in the paper, but using
these three types of strategic rivalries. Columns (1)-(2) use positional rivalry; Columns (3)-(4) use spatial rivalry; and
Columns (5)-(6) use ideological rivalry. In each of these pairs of specifications, the first column ((1), (3) and (5)) includes
only the exporter-importer and year fixed effects; the second column ((2), (4) and (6)) augments this specification with
exporter-year and importer-year fixed effects.

Regardless of which measure of strategic rivalry and econometric specification we consider, we find a negative
estimated coefficient that is statistically significant at conventional critical values. Therefore, as countries become
greater economic friends in terms of the welfare effects of their productivity growth, they become greater political
friends in terms of having a lower propensity to be strategic rivals of each type (positional, spatial and ideological).
Beneath the coefficient and standard error for each regression specification, we report the first-stage F-statistic. The
first-stage F statistics in each panel are again the same across Columns (1), (3) and (5) and Columns (2), (4) and (6),
because the first-stage regression specification (welfare exposure on the instrument) and sample size is the same across
each of the different measures of strategic rivalry used in the second-stage regression. Although these first-stage F-
statistics naturally fall in the specifications including importer-year and exporter-year fixed effects, they remain well

above the conventional threshold of 10.
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H Data Appendix

Our data on international trade are from the NBER World Trade Database, which reports values of bilateral trade
between countries for around 1,500 4-digit Standard International Trade Classification (SITC) codes. The ultimate
source for these data is the United Nations COMTRADE database and we use an updated version of the dataset from
Feenstra et al. (2005) for the time period 1970-2012." We augment these trade data with information on countries’
gross domestic product (GDP), population and bilateral distances from the GEODIST and GRAVITY datasets from
CEPIL? Note that the NBER World Trade Database lacks direct data on a country’s expenditure on domestic goods
(Xnnt). Therefore, we compute this domestic expenditure as gross output minus exports plus imports. To measure
gross output for each country, we multiply its GDP (value added) by 2.2, which is the mean ratio of gross output
to GDP in the EU-KLEMS database (which includes the USA and Japan). This method yields a median self-trade-
share (expenditure on own goods relative to total expenditure) of 0.92 in 1970 and of 0.83 in 2012, reflecting the
increase in global trade over this period. In our multi-sector models, we report results aggregating the products in the
NBER World Trade Database to the 20 International Standard Industrial Classification (ISIC) industries listed below.
In specifications incorporating input-output linkages, we use a common input-output matrix for all countries from

Caliendo and Parro (2015).

Table H.1: International Standard Industrial Classification (ISIC) Industries

Industry ~ Short Long

Code Name Description

1 Agriculture Agriculture Agriculture forestry and Fishing

2 Mining Mining and quarrying

3 Food Food products, beverages and tobacco

4 Textile Textiles, textile products, leather and footwear

5 Wood Wood and products of wood and cork

6 Paper Pulp, paper, paper products, printing and publishing
7 Petroleum Coke, refined petroleum and nuclear fuel

8 Chemicals Chemicals

9 Plastic Rubber and plastics products

10 Minerals Other nonmetallic mineral products

11 Basic Metals Basic metals

12 Metal Products  Fabricated metal products, except machinery and equipment
13 Machinery nec ~ Machinery and equipment n.e.c

14 Office Office, accounting and computing machinery

15 Electrical Electrical machinery and apparatus, n.e.c.

16 Communication  Radio, television and communication equipment

17 Medical Medical, precision and optical instruments, watches and clocks
18 Auto Motor vehicles trailers and semi-trailers

19 Other Transport  Other transport equipment

20 Other Manufacturing n.e.c and recycling

ISee https://cid.econ.ucdavis.edu/wix.html.
2See http://www.cepii.fr/cepii/en/bdd_modele/bdd.asp.
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